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Abstract 

A superspace formulation using superconnections and supercurvatures is specifically con¬ 
structed for A = 4 extended super Yang-Mills theory with a central charge in four di¬ 
mensions, first proposed by Sohnius, Stelle and West long ago. We find that the constraints, 
almost uniquely derived from the possible spin structure of the multiplet, can be algebraically 
solved which results in an off-shell supersymmetric formulation of the theory on the super¬ 
space. 
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1 Introduction 

Theory of elementary particle is widely studied for the construction of a unified theory which 
could explain every simple aspect of nature including matters and interactions. We know that 
such a theory can be realized to some extent as a quantum field theory (QFT) based on the 
gauge principle. In fact, so called the standard theory of particle physics has been constructed 
as a quantum field theory with gauge invariance (Yang-Mills theory). There are many successful 
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examples where description of nature in the standard theory agrees with experimental data with 
a considerably surprising accuracy. 

Though phenomenologically successful, the standard theory can not be interpreted as a 
sufficient unified theory of particle physics. This is clearly seen by noting the following fact. 
A consistent and unified scheme which can treat the two fundamental statistics of particles, 
i.e. bosonic and fermionic statistics, should be essentially implemented into a unified theory. In 
fact, fundamental matters in particle physics—quarks and leptons—are all described as fermions, 
while fundamental interactions—photons (which mediate electromagnetic interaction), W and Z 
bosons (weak), gluons (strong) and gravitons (gravity)—are all described as bosons. So naively 
we expect that any theory which unifies these fundamental matters and interactions should 
naturally treat bosons and fermions in a unified way. The standard theory dose not contain 
such a unified scheme. 

Supersymmetry (SUSY) serves one systematic, somewhat realistic and almost unique possi¬ 
bility which treats bosons and fermions as unified objects consistent with relativistic spacetime 
structure. In a supersymmetric theory, bosons and fermions are always introduced as a pair, and 
forms a multiplet over which several kinds of transformations, called supertransformations, are 
dehned. In this sense, the bosons and fermions are treated in a unified manner and are called su¬ 
perpartners. The theory is said to be supersymmetric when constructed to be symmetric under 
the supertransformations of the superpartners. Since a supertransformation converts a boson 
into a fermion, or vice versa, it has to be generated by a fermionic charge, called a supercharge. 
Such transformations, or charges, which must be consistent with relativistic symmetry, namely 
the Poincare symmetry, are uniquely prescribed by a graded Lie algebra, which is called the su¬ 
persymmetry algebra (Coleman-Mandula no-go theorem, Haag-Lopuszanski-Sohnius theorem). 

Phenomenologically, only = 1 supersymmetry^, in which a set of supercharges is conserved, 
may seem to be realistic. In fact, the minimal supersymmetric standard model (MSSM) with 
N = 1 supersymmetry can be interpreted as a successful phenomenological model from, for 
instance, the following reasons. Firstly, MSSM unifies the coupling constants of the gauge group 
SU{3) X SU{2) X U{1) in the model as the meeting of the renormalization group flows of the 
each coupling constant at the GUT scale (~ 10^® GeV), implying that the gauge group itself 
is unified in the scale. This unification of the coupling constants dose not occur in the usual 
standard model without = 1 supersymmetry. Secondly, so called the problem of naturalness, 
or the problem of hierarchy of mass, can be solved in MSSM by the cancellation of some bad 
divergences of self-energies due to the high degrees of freedom of supersymmetry. 

From the viewpoint of the unification, however, so called extended supersymmetry, or N ^ 2 
supersymmetry, where several sets of supercharges are conserved, may give more natural schema 
in many cases, as in the following examples. First, those extended degrees of supersymmetry 
in four dimensions can be naturally interpreted as dimensionally reduced degrees of freedom 
of some higher dimensional supersymmetric theories, including superstring theories and super¬ 
gravity theories in ten or eleven dimensions. Such kind of naive correspondence of extended 
supersymmetry and higher dimensional supersymmetry may play more explicitly a role in some 
cases as in the AdS/GFT correspondence, where the type IIA superstring (or supergravity) on 
AdSs X is naturally related to A^ = 4 U(N) super Yang-Mills (SYM) theory in four dimensions 
as a low energy effective theory. Second, in the context of duality, which has been one of key 
notions in recent theoretical works, extended supersymmetry naturally appears and gives many 
fruitful topics, both from physical and mathematical point of view. Third, and as the fact which 
gives most directly the motivation of this article, supersymmetry on a lattice in four dimensions 
should be naturally and intrinsically interpreted as (twisted) A^ = 4 extended supersymmetry 
as is proposed in recent works ninj. In that paper, so called twisted supersymmetry, an ex¬ 
otic version of extended supersymmetry which may be related with some topological theories or 

^In the following, we denote the number of sets of conserved supercharges by N. 
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some BRST quantized gauge theories H 01 El El El, is introduced on a lattice, based on the 
facts that supercharges conserved in a twisted supersymmetric theory are naturally associated 
with the simplex structure of the lattice. Introduced on the lattice, internal degrees of free¬ 
dom of extended supersymmetry may be interpreted as flavor degrees of freedom through the 
Dirac-Kahler mechanism. Species doublers on the lattice, notorious obstacles which appear by 
introducing chiral fermions on a lattice, may also be identified these internal or flavor degrees. 
Thus there arises the possibility that extended = 4 supersymmetry on a lattice can also give 
a unified solution to the problem of chiral fermions on the lattice. 

We should briefly remark here why we need to introduce a lattice theory. Quantum field 
theory deals with inevitably infinite degrees of freedom of the fields. This infinite degrees of 
freedom comes from that spacetime in quantum field theory is assumed to be a four-dimensional 
continuum. Continuous spacetime has infinitely many degrees of freedom in an infinitely small 
area, or, in its momentum representation, in an infinitely large momentum region over which a 
divergent integration will be produced. Those divergences are thus essential and unavoidable in 
quantum field theories, so that they have to be estimated systematically as finite quantities to 
make a rigorous calculation. Such a technical scheme to evaluate those divergences is called a 
regularization. Introducing a lattice structure into spacetime is considered to be one of the most 
natural and important regularizations among others especially by the following reasons. First, 
theory on a lattice is theoretically important from the viewpoint of the unification. In fact, 
there is an approach to formulate gravity as well as the other three interactions and matters 
on a (random) lattice in a unified manner, and we know such a formulation is successful in two 
dimensions. Though no such theory has been completely formulated in four dimensions, we 
expect the approach to a unified theory on a four-dimensional random lattice could also be a 
successful scheme for the unification. Second, a theory on a lattice may be analyzed numerically 
to make a realistic and practical computation. As is well known this is the case in lattice QCD, 
which shows the prominence of the lattice regularization especially in a non-perturbative region 
where quantitative analysis can hardly be done in other approaches. 

Thus to construct a supersymmetric theory on a lattice may seem to serve a candidate of a 
realistic unification including gravity. 

We should especially note here that the formulation for introducing supersymmetry on a 
lattice in the paper 0 E] inevitably needs the full twisted = 4 off-shell supersymmetry 
(i.e., supersymmetry respected exactly without using classical solutions) in a continuous four¬ 
dimensional spacetime. This aspect should be compared with the fact that in other theories 
with twisted supersymmetry only a part of supercharges, especially the scalar charges, is taken 
into account so that off-shell formulation in such theories is merely corresponding to only a part 
of supercharges, not corresponding to the full supercharges. 

One may thus consider to construct an off-shell formulation of a full A^ = 4 supersymmetric, 
especially super Yang-Mills, theory. However, the A^ = 4 super Yang-Mills theory with the full 
internal symmetry SU {A) in four dimensions has been formulated only on-shell m- Instead, 
there is one known off-shell formulation of A^ = 4 super Yang-Mills theory with the internal 
symmetry USp{A) [111II 2j . This model contains essentially a central charge to prohibit higher 
spin components m- Since an off-shell formulation of a supersymmetric theory is constructed 
most clearly and systematically by superspace formulation, these off-shell USp{A) model should 
be naturally formulated on a superspace. Here we have to emphasize that still no superspace 
formulation of Ai = 4 super Yang-Mills theory in four dimensions is known. 

Motivated by the facts above, I have attempted in this work to construct a superspace 
formulation, mentioned briefly in m, of the USp{A) super Yang-Mills theory in four dimensions. 
For the task, I applied a formulation using superconnections and supercurvatures with the 
manifest gauge covariance. I set up constraints on the superfields in the formulation by noting 
the contents of multiplets as well as their spins in the USp{4) model and solve the constraints to 
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derive the supertransformations of the contents. There remains some difficulties which should 
be resolved by the future works. 

This article is organized as follows. In section we review some foundations of extended 
supersymmetry algebra in four dimensions, particularly one with central charges. In section 01 
we discuss twisted supersymmetries in four dimensions since those ideas serve an essential back¬ 
ground to this article. In section 0 we present the construction of the superspace formulation 
of the USp{4:) model, which includes the main results of this article. Finally we conclude in 
section 01 and mention some possible ideas to complete our superspace formulation. 

2 A/^-Extended Supersymmetry in Four Dimensions 

In this section, we briefly review some general aspects of the A^-extended superalgebra in four 
dimensions and its irreducible representations uniisiiini. Especially we consider supersymmetry 
with central charges. Notational and technical details are listed in the appendix. 


2.1 Superalgebra 

A^-extended superalgebra (super Poincare algebra) in four dimensions is prescribed by the fol¬ 
lowing (anti-)commutation relations: 




(2.1) 

{Q^c.,Q^0} = 25i^an^0Pt., 

[Pp,Pu] = 0, 

(2.2) 

[Qia,Pii] = 0, 

[Q'a,Pp] = 0, 

(2.3) 

[J/iu-i Qia] ~ 

[Jpu,Qn = 

(2.4) 

[JfiujPp] — i(j]p,pPu VupPp 

;)) [Jpu: Jpa] — * {'Hi/pJpcr 'QuaJpp 

(2.5) 


0ppJvcr T 0paJvp, 

1, 

[R‘^,Qia] = (XAi'Qio, 

= -(x“)/Q'd, 

(2.6) 

[R'^,Pp]=0, 

Jpv] = 0, 

(2.7) 

[Zij, any] = 0, 

[Z*^any] = 0, 

(2.8) 

where the supercharges Qia, Q'‘a, related by Hermitian conjugation as 



QA = {Qia)\ 

(2.9) 

are represented as Weyl spinors w.r.t. Lorentz transformation 3) = SL{2, C) in Minkowski 

spacetime, and as the fundamental N and N representations w.r.t. the i?-symmetry (internal 
symmetry)^ SU{N), i.e. 

Qia € {2,0, N), Q\ 

G (0,2,A7), under SL{2,C) x SU{N)-, 

(2.10) 

Zij and are central charges which satisfy the relations^ 


Zij^Zji = 0, + = 

(2.11) 


^In the following, we concentrate only on the i?-symmetry SU{N) for simplicity. The extension to the case 
U(N) = {7(1) X SU{N), or to more general cases, is trivial. Note, however, if 77 = 4 we cannot adopt the 
symmetry U (4) for the super Yang-Mills multiplet in four dimensions because of the CPT theorem. 

^In order for the central charges to be consistently introduced in the superalgebra, the {{-symmetry group 
should be restricted to some extent as is seen below. 
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i.e. 


and 


N(N-l) N(N-l) , , 

Zy e —^e —^^ under SU{N), 

2 2 

Z^^ = iZ,jr, Z + Zt = 0; 


is the flat spacetime metric 

Vfiu = (+, -) (Minkowski), 

with its contragradient r]^'^ such that 

= r]^u ■= 

Pfj_ is the four momentum and is the Lorentz generator 

Pf, E (2, 2), E (3,0) © (0, 3) under SL{2, C), 

with the convention 


exp j e5'0(1,3); 

i?“ is the generator of the i?-symmetry (internal symmetry) SU{N), i.e. 

E su(iV) 

with the convention 

exp E SU{N), 

and is its adjoint representation 

(X“)i^' E {N^ - 1) under SU{N), 

with 

(X“*)*j := ((X“)i^y = (X“)/ (Hermitian); 

Cai 3 and are the SL{2, C) invariant tensors with relations 

Ca/B + C'/3a = 0, C ^0 + C 0 ^ = 0, 

i.e. 

(7„/3E(1,0), C'^^e( 0,1) under 5'L(2,C), 

and 

while also and (7“^ are defined as 

(~<l3'r — X /3 r<. . — S-P- 

— Uq , — Vql ? 

{(y^)a 0 and (d^)"^ are defined by the Pauli matrices r* as 

cT'^ = (l,r*), d'^ = (l,-r*) 

in Minkowski spacetime, and interpreted as 

{an ^0 G (2, 2), E (2, 2) under SL{2, C), 


( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 
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with relations 




and and are defined by 




which are interpreted as 


€ (3,0), (T^^g( 0,3) under SL{2,C). 


(2.28) 


(2.29) 


(2.30) 


Let us quickly recall how central charges are consistently implemented into the superalgebra 
above. For this we consider the case where the algebra has more general internal symmetry 
which includes the i?-symmetry su(A^). The Coleman-Mandula theorem restricts such an inter¬ 
nal symmetry to be generated by Lorentz invariant and compact Lie algebra A. More precisely, 
we can take as ^ = su(iV) © © ^2 with .Ai and A .2 being invariant semi-simple and Abelian 

subalgebras, respectively. Accordingly let us denote the irreducible representations of this inter¬ 
nal symmetry algebra by Qia, Q'^p with / = (i,i), J = (j, j), and let the Hermitian generators 


of this algebra be including i?“. Assume these generators satisfy the relations 

[B\Qla] = {S^)l^Qja, [B\Q^a] = (2.31) 

[B^,P^,]=0, [B\jf,,]=0. (2.32) 

Since {Qia,Qjf3} is symmetric under the exchange of {I, a) it should have most 

generally the form 

{Qia, Qjp} = CapZiJ + -{cr^'')al3{y^iu)lJ, (2.33) 

where Zjj is antisymmetric under I J while (l)i^)/j is symmetric, and '■= {(T^^'^)a'^C^p 

is symmetric under a <-> /3. According to the Coleman-Mandula theorem, we have to set 

Zij = J](a')/j5' G (h)..)7j = (2.34) 

i 

Then the Jacobi identity, firstly, w.r.t. P^, Qia, Qjf} leads to that Yjj = 0, secondly, the identity 


w.r.t. B\ Qia, Qjp shows that linear combinations Zij generates an invariant subalgebra Z 
of A, and, thirdly, the identity w.r.t. Qia, Qjp, Q^j and the fact that B^ is Hermitian prove 
that Z is Abelian. Thus we find that Z = A 2 which is the center of the algebra A, namely, 

[Zij,B’‘] = 0, {Qla,Qjl3} = CapZij. (2.35) 

Therefore a nonzero central charge exists if and only if the internal symmetry algebra has the 
invariant Abelian subalgebra, and, of course, one has to work on supersymmetry for N ^ 2. 
In what follows, we only consider the P-symmetry and the symmetry generated by the center 
Z as nontrivial internal symmetries of our system, namely the case A = su(A^) © Z. Since 
Z is Abelian, its action is a trivial scalar multiplication so that its adjoint representation is 
trivial. Thus we can label the quantities simply by indices I = i, J = j and treats only P“ as 
nontrivial generators of the internal symmetry, which in turn leads to the superalgebra listed at 
the beginning of this section. 
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2.2 Central Charges 

In the preceding section, we have seen central charges can be interpreted as generators of Abelian 
internal symmetry. However, one can not introduce a nonzero central charge yet consistently 
to an arbitrary structure of the i2-symmetry. In fact, the Jacobi identity w.r.t. Qia, Qjp 
together with that Zij] = 0 leads to 

= 0, (2.36) 

or equivalently, since is Hermitian and Zij = E 

Bi&A 

(2.37) 

If {a})ij is nondegenerate, i.e. if the matrix {{a!‘)ij) has its inverse, the above condition is more 
directly written as 

{X'^y = , (2.38) 

where (o*)*-^ := (((aO^)”^)*'^- These equations show that each coefficient {a!‘)ij relates each 
representation of i?-symmetry generator to its conjugate representation Central charges 
can exist if and only if such an intertwiner a} does exist. In other words, the representation of 
the i?-symmetry algebra, or at least some invariant subalgebra, has to be (pseudo) real, namely, 
the ii-symmetry algebra has to be automorphic, for a central charge to exist. 

If we persist to require the full SU{N) as the ii-symmetry, such intertwiner a* does not exist 
except the case^ N = 2, since for N ^ 3 the fundamental representation N of SU{N) is not real, 
i.e. N and N are inequivalent®. These facts can also be seen easily by a direct computation; let 
eq. hold for all generators (a = 1, • • • ,N‘^ — 1) in su(A^), multiply the both side by 

(A“)m"', take summation w.r.t. a = 1, • • • , N'^ — 1 by using the completeness relation eq. (IA.59|) 
in 5 u{N), and then take contraction w.r.t. indices n and j to give 

0 = {N^-N- 2){a%m = {N- 2){N + (2.39) 

which shows that nonzero intertwiner exists only if = 2. 

Thus we have to break the full ii-symmetry group SU(N) into some automorphic subgroup 
oi SU(N) in order to introduce a nonzero central charge. If N is even, say N = 2n, the unitary 
symplectic group® USp{2n) C SU{2n) can be taken as a candidate, for, USp{2n) contains the 
invariant tensor such that 

{X<^y = := ((H'^)-')'T (2.40) 

Later we consider the automorphic subgroup USp{^) C SU (4) for N = A super Yang-Mills theory 
with a central charge, which is the main subject of this article. Another nontrivial example could 
be served by the spinor representation of SO{N) C SU{N) for some appropriate Y, where the 
charge conjugation matrix, or equivalently the H-conjugation matrix^, can be used as invariant 
intertwiners. 

Central charges can be interpreted as some sort of additional masses. This can be seen by 
the following observations. Firstly, by diagonalizing the on-shell superalgebra w.r.t. the central 
charges as will be seen in the next section, we can show the BPS bound relation 

2m ^ z\ (2.41) 

^For N = 2, SU{2) = USp{2) contains such an intertwiner; the SU{2) invariant tensor £ij plays the role. 

^See appendix IA..S.. II 
®See appendix lA.41 
^See appendix rni 







where m is the mass of the on-shell algebra and Za are the eigenvalues of the central charges. This 
relation allows one to interpret Za, i.e. the central charges, as some kind of masses. Secondly, 
if we consider a superalgebra in higher dimensions and then take a dimensional reduction by, 
for instance, the Kaluza-Klein compactihcation of spacetime, we could obtain a superalgebra in 
four dimensions with a central charge which originates from the momentum corresponding to 
the compactified direction. In such case, the central charge can be clearly regarded as a mass of 
an extra dimension. Thirdly, by an appropriate spontaneous breaking of a gauge symmetry in 
some extended supersymmetric gauge theories, a central charge emerges as a nonzero vev (of a 
moduli) both algebraically and field theoretically m- In this formulation, origins of some part 
of central charges are gauge bosons in higher dimensions and as an effect are related somewhat 
directly to the momenta in the higher dimensions. In fact, as an on-shell relation one can show 
that P^Pjj, = which is identical to the BPS condition. 

i 

2.3 Representations 

Let us now examine the irreducible one particle representations of the superalgebra eqs. (ED)- 

JZHI). 

2.3.1 Massive Multiple! without Central Charge 

First we consider the superalgebra with no central charge. For massive multiplets with mass m > 
0 i.e. = m?, we can take the rest frame in which = (m, 0). Then relevant anticommutation 
relations are written as 



{Qia, 0} 

= 2m5^^5^, 

(2.42) 


{Qiai Qjfs} ~ 0) 

{Q'a,QV = 0. 

(2.43) 

Then defining 

^ia •— ! - Qza? 

\J2m 

(O'ia) •— ! -Q di 

v2m 

(2.44) 

we find that 





{Uia, (aj73)^} = Sa^di^, 

(2.45) 



o 

II 

H— 

H— 

(2.46) 


Hence we obtain 2N sets of fermionic creation-annihilation operators which constructs the irre¬ 
ducible representation with total of 2 ^^{2j -|- 1) states on a Clifford vacuum with spin j. The 
maximum spin for such representations is N/2 + j. 


2.3.2 Massless Multiple! without Central Charge 

For massless multiplets, we can take a light-cone frame where P^ = 0, so for instance P^ = 
0,0, — P^ > 0. Defining 


we find that 




(2.47) 

■“ 2v/p^^'*’ 


(2.48) 

{cLi, (Oj 

)^} = V, 

(2.49) 
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{ai,aj} = 0 , {(aj)^ (aj)'^} = 0, 

(2.50) 

while 

{bi,{bj)^ = 0 , {bi,bj} = 0 , {{bi)^,{bj)^} = 0 , 

{ai,bj} = 0 , {(ai)^ (6j)^} = 0, {a*, (6^)1'} = 0, {(a^)^6J} = 0. 

(2.51) 

(2.52) 

Hence we obtain only N sets of fermionic creation-annihilation operators, with 6j, (6j)l merely 
represented as 0 on a Hilbert representation space. These operators thus create total of 2^ 
states^ on a Clifford vacuum with helicity A. The maximum helicity for such representations is 
clearly N/2 -|- A. 

2.3.3 Multiplet with Nonzero Central Charges 

Finally let us consider the multiplets on which central charges take nonzero values 
massive rest frame, by the reason which will be clear shortly, with momentum - 

(m, 0). The relevant anticommutators are 

. We take a 
= m^, = 


{Qia,Q^0} = 2m5^p5i\ 

{Qic, Qjp] = Ca^pZij, {Q^a,Q^^} = c.^{z*yp 

(2.53) 

(2.54) 


Since [Zjj,any] = any] = 0, the central charges can be simultaneously diagonalized. 

Further, because Zij is antisymmetric, we can take, by a suitable orthogonal (thus unitary) 
transformation (Ui^) w.r.t. the internal indices, a basis in which the central charges take the 
standard form as in 


Zi, = (2.55) 

iZ^^% := iC ® Z'i {N even) (Z^^% ® ^ (N odd), (2.56) 

where Z^ = diag(z^,--- with ^ 0 being the eigenvalues of (Z^) and the tensor 

product (Ai^) (g) (i?/) = (Ai^B/) is represented by the dictionary order 

(ij) = (1,1),-- - ,(?^, I),-- - ,(1,’^),-- - ,{n,n), (2.57) 

and similarly for {k,l). Then by pursuing the transformation 

Q^a = {U-^VQja, {Q^a)^ = = WQU, (2.58) 

and by labeling as i = (am) {m = 1, • • • , [A^/2]) just corresponding to the standard form Z®*^, 
we hnd that 


{Qama, (Qftn/s)^} = 5a 5m^, (2.59) 

{Qama, Qbn 0 } = iCo,pCab{Z'^)mn, {(Qama)^ {Qhnp)^] = C^\Z^r^. (2.60) 

Note here that for the case of N odd we generalize the diagonal matrix Z'^ as 

Z^ = diag(z^ • • • ,0). (2.61) 

®We work on a CPT invariant field theory so that we require the CPT-conjugate of a multiplet is also included 
in the whole multiplet. Thus unless the multiplet composed of the 2^ states created purely by the supercharges is 
CPT-self-conjugate, it needs its CPT-conjugate to be accompanied so that the whole multiplet consists of 2^+^ 
states. 
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Hence letting 


ama := ^ {Qlma + iCaj(Q 2 "^y)^) , (ama)^ := ^ ((Qlma)^ " iC“^Q 2 ™ 7 ) > (2-62) 

bma ■■= ^ {Qlma - iCa^{Q2^j)^) , := ^ ((Qlma)^ + iC'“^Q2"*7) > (2-63) 

we obtain 

{®mo) (®n/3)^} ^a/3{,‘^^^mn “1“ (-^ ')mn)t {^maj (^n/?)^} (-^ ')mn)i (2.64) 

{®ma) O^n/s} — 0, {^ma j ^n/?} — 0, {(cirraa)^ j (On/?)^} — Oj {(^ma)^; (^n/s)^} — Oj (2.65) 

{o-mo) ^n/ 3 } — 0) {(®ma)^) (^n/?)^} — 0, {Oma) (^n/?)^} — Oj {(o-ma)^; ^n/?} — O' (2.66) 

The left hand side of the first two equations is positive definite, so is the right, which leads to 

2m ^z\ for / = 1, • • • ,rankZ. (2.67) 


This is the BPS bound condition eq. Especially massless states can not have nonzero 

central charge, this is why we consider the massive representations here. 

If central charges satisfy the condition 

z* = 2m for z = 1, • • • , r ^ rankZ, (2.68) 

the corresponding operators 6j, (6j)^ vanish. Then we have total of 2[N — r) sets of creation- 
annihilation operators. The irreducible representations constructed by such operators on a 
Clifford vacuum with spin j (or helicity A) have total of states and the maximum spin 

(or helicity) is {N — r)/2 + j (or {N — r) + A). If r = rank(Z) = N/2 (for N even) the 
representations are the same as those in the massless case. Note in particular for a system with 
some central charges the maximum spin (helicity) can be consistently reduced. 

3 Twisted Supersymmetry in Four Dimensions 

As a variant of the notion of supersymmetry, one could consider “twisted” supersymmetry. 
Since, as noted above, this subject serves one of the main motivations to this article, let us here 
examine the technical aspect of twisted supersymmetry. 

3.1 A Historical Review 

Twisted supersymmetry was first proposed by Witten H El in the context of topological field 
theory (TFT). Topological field theories are independent on metrics of the base manifolds on 
which those theories are defined so that are only sensitive to topological structures of the man¬ 
ifolds. Witten showed that, firstly, so called the Donaldson invariants on a four manifold m 
can be computed within the framework of a quantum field theory, which we call the Donaldson- 
Witten theory, and, secondly, the Donaldson-Witten theory can be obtained by twisting N = 2 
super Yang-Mills theory. Shortly after the Witten’s work, that the twisted supersymmetry could 
be interpreted as a kind of BRST symmetry so that the Donaldson-Witten theory is derived by 
a BRST quantization of topological Yang-Mills theory in four dimensions 013 El El' These facts 
implies that as twisted supersymmetric theories one might construct some topological models. 
Actually, for instance, topological matters in two HHns] and four m dimensions were shown 
to be constructed as twisted N = 2 supersymmetric theories in two and four dimensions, re¬ 
spectively. These observations were further generalized to twisting of A = 4 supersymmetric 
theories. Yamron introduced m two inequivalent types of twisting A = 4 super Yang-Mills 
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theories, and pointed out that one more type of twisting would be possible. Then Vafa and 
Witten constructed |22] a topological theory as a twisted Yang-Mills theory with twisting pro¬ 
cedure equivalent to one of two introduced by Yamron. Yamron’s third type of twist was later 
considered by Marcus jlH] and Blau and Thompson m- These works were analyzed in detail 
from the viewpoint of the Mathai-Quillen formalism in HH]. 

We also remark that one alternative twisting of supersymmetry was introduced in [SHEZlEHl 
I2H]- There twisted supersymmetry is strongly motivated by the Dirac-Kahler mechanism, and 
in fact the twisting process can be understood to be essentially the same as the Dirac-Kahler 
fermion formulation. We thus call this twist the Dirac-Kahler twist. Here we emphasize that 
the Dirac-Kahler twist, in four dimensions, is equivalent to the Yamron’s third type as we will 
see later and, in two dimensions, to the two-dimensional twist mentioned above, although the 
motivations by which these twisting procedures are considered might be quite different. 

In the following, we briefly review how these kinds of twisted supersymmetry in four dimen¬ 
sions can be defined, and list the corresponding twisted super algebras. 

3.2 General Twisting Procedure 

Twist of supersymmetry can be understood to be the process of identifying (some part of) the 
internal symmetry (i?-symmetry) with (some part of) the spacetime symmetry (Lorentz symme¬ 
try) and then defining a new representation of spacetime symmetry for the original supercharges. 
Such a process may include breaking of the internal symmetry group into some subgroups, one 
of which is isomorphic to (a subgroup of) the Lorentz group, and then taking the diagonal sum® 
of those of the isomorphic subgroups. 

To be more specific, let us consider a supersymmetric theory with internal symmetry group 
^internal and spacetime symmetry group Gspacetime- For an A^-extended supersymmetric theory 
in four dimensions, these symmetry groups should be taken as SU{N) (or U{N)) and P(l,3) 
(Poincare group), respectively. We assume that the spacetime symmetry group can be decom¬ 
posed irreducibly as Gspacetime = G x . A twisting procedure for this system can be 

taken if there exists a subgroup G' of Gintemai such that Gintemai = G' x and also 

G' = G (isomorphic). However, such decomposion of the internal symmetry group may not be 
possible in general unless we break the group into its appropriate subgroup. Here, to illustrate 
the twisting process, we hrst break the internal symmetry as Gintemai Gintemab and then 
assume Gintemai can be decomposed as Gintemai = G' x G(g^gj.^g[. Since G' = G, we denote the 
former simply by G from now on. We therefore have a supersymmetric theory with associated 
symmetries G(gj-,gr nai x G x G x G^p^gg^jj^g. Now we are at the position of twisting of this system. 
The process is described schematically in Figure Hand consists of steps below: 

(i) Identification of two representations of G. To do this, we have to take two equivalent 
irreducible representations (ppKi) and (/OSjhs) of the two G’s, respectively. 

(ii) Taking the tensor product representation of the two irreducible representations of G. 
More precisely—the original symmetry G x G should be represented hy {p x p^V ®V), where 
since {pi,Vi) = (psjFs) we simply denote them by {p,V). Then replace this by the tensor 
representation {p® p,V (8) K). We also denote G x G simply by G' and understand that it is 
represented by the tensor product representation as above. Note here that G' is nothing but G; 
we just rename it just for the readability. Corresponding algebra now becomes 0^ = 0©0, which 
should be represented by {dp © 1 -|- 1 (g) dp, K (g) K), or simply by {dp + dp, V (g) V )—. 

®More precisely, the diagonal sum of representations of the algebras corresponding to the internal symmetry 
and the spacetime symmetry. The corresponding representation space is the tensor product of the original 
representation spaces. 
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SUSY 

Twist 

Twisted SUSY 

^internal ^ ^spacetime 


^internal ^ G'spacetime 


decomposition 


^internal 


^ G X G 


G^spacetime — G \ X 


SUSY (internal symmetry broken) 
^internal ^ G X G X Gfgpj^j,g^jjp|g 


diagonal summation 



y c' 

'^spacetime 


Figure 1: Schematic description of twisting process 

(hi) Decomposion of the representation into irreducible representations. This step is equiva¬ 
lent to the Clebsch-Gordan decomposition of the tensor product representation {p® p,V <8) U), 
or {dp + d/9, U (g) U). 

(iv) Redefinition of the spacetime symmetry by Gspacetime := G' x G'pg^gg^jjjjg. Since G' = 
(j, this definition certainly restore the spacetime symmetry group though its representation is 
changed from the original one. 

Through all these steps, we now obtain a system which has the twisted supersymmetry with 
associated symmetries G'/nt.prp ai ^ ^spacetime- One of the main outcome of such twisting process 
is that one can extract explicitly the scalar part of supercharges of the original supersymmetry 
as the singlet representation in the Clebsch-Gordan decomposition in the step (iii) above. In 
the context of TFT, such scalar supercharge can be interpreted as a topological charge which 
assures the topological nature of those theories, for, the scalar charge can be introduced on an 
arbitrary manifold (because it is a scalar), and the charge is nilpotent (if there is no central 
charge). We review some specific examples of twisting process of extended supersymmetries in 
four dimensions. 

3.3 Twisted N = 2 Supersymmetry 

First consider the twist of = 2 supersymmetry in four-dimensional Euclidean spacetime, with 
R-symmetry group U{2) = SU{2)i x U{1) and Lorentz symmetry group 50(4) = 5C/(2 )l x 
SU{2)^. The labels I, L, R specify the representations. We denote the R-symmetry generators 
by Rij and the Lorentz generators by where 

Jap ■= )al3Jfiv: J^p ( 3 - 1 ) 

correspond to the decomposition above. The superalgebra is given as (ITTll-ltTKll. namely 


{Qiai Qjp\ 

II 

{Q^a,Q^p} 

= C^^C^pZ, 

(3.2) 

{Qiaj p} 

— d P ■ 

[^aP^ 

= 0, 

(3.3) 

[Qia, P^g] 

= 0, 

\Q\,P^g] 

= 0, 

(3.4) 

[JaP ) Qi'y] 

l^P'^{aQip), 

[JaP,Q^p] 

= 0, 

(3.5) 

[JaP^ Qi'y] 

= 0, 

[Jap^ Q 7 ] 

= 2^'riaQ /3)’ 

(3.6) 

[Jap, P^g] 

— ^ C 1 P ■ 

[JaP^ *^7^] 

— Lrj. p . 

2 ^ S{a^''Y$) ’ 

(3.7) 
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[Jap,J-iS\ — 2 ^{a\{-yJ 5 )\P)i •^ 7 , 5 ] ~ 2 

[Jap, J^i] = 0, [z, any] = 0, (3.9) 

^ _ 

[Rij,Qk'y\ 2^^(*^J)7’ \Rij-iQk^\ k{iQ j)'^, (3.10) 

[Rij,Rki\ = -C(j|(fc/?;)|j), [Rij,P^^] = 0, (3.11) 

[Rij, Jap\ = 0, [Rij, Jaf^ ~ 0) (3-12) 


where := {a^)^^P^ji_. Supercharges Qia and Q'q, have the Cl(l) charges^^ +1 and —1, 
respectively, and the other generators have charges 0. Notice here that we have taken the 
representation of the i?-symmetry to be equivalent to the representations of S'C/(2)l,r of the 
Lorentz symmetry. Indices i, j can be raised or lowered by the SU{2) invariant tensors Cij, C*-^. 

Then according to the procedure above, we first identify S'17(2)i as either of SU{2)i^ or 
5C/(2 )r, and after that, we take the tensor product representation. In this case, these process 
should be described as the identification of indices i as either of a or a, and then as taking the 
diagonal summation 

Jap Jap + Rap, or := + R^^- (3.13) 

We represent these twisting prescription simply as 


2 ^ ( 2 , 1 ) 2 ^ ( 1 , 2 ) ^ 


(3.14) 


In what follows, we only treats the former diagonal summation since these two are obviously 
equivalent, so that the tensor product representation can be expressed as Qap, Q^p- Next, we 
take the Clebsch-Gordan decomposition 


2(g)2 = 1 

QaP ^ Q[aP], 


and, for simplicity, we denote as 


3 


Q(aP), 


Q ■■= 


aP], Rap ■ Q{aP), ^aB ' 


'ap- 


(3.15) 


(3.16) 


The remaining task is to define a new representation of Lorentz symmetry. This can be realized, 
as will be clear shortly, just by considering the symmetry to be generated by and 

Thus we complete a twisting of the N = 2 supersymmetry. The resultant twisted N = 2 
superalgebra is readily derived from the original superalgebra and the definitions of the twisted 
supercharges above. Renaming simply as Jap, we obtain 


{Q,Q} = z, 

\^RaP,R'yS} C{a\{'yC'S)\p)Z, 

(3.17) 

i^aP^^'rS^ ~ RapCj^gZ, 

{Q,Rap} = 0, 

(3.18) 


{Hap,G^^} = Cal-yPf^'jg, 

(3.19) 

[Q,P,5]=^, 

[Hap,P^s[ = 

(3.20) 

CD 

II 

[PaP^P'yS] = 

(3.21) 

[Jap, Q] = 0, 

II 

(3.22) 

[Jap,R'f5] 2^(“I(7'^'5)I/3)’ 

Ryi] ~ 

(3.23) 


^°More precisely, we only have U{l)/Z 4 symmetry unless the central charge vanishes. 
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[JaP, 

_ ^ (-i 


— ^ G G ■ 

- 2'-'(a|<5S/3)’ 

(3.24) 

[JaP ) 

* T* P 

\.'^ap'P'is\ 

— —C P ■ 

2 *^(015 7/3)’ 

(3.25) 

\SaP 1 



= 2^("1(7'^(5)|/3)’ 

(3.26) 

\JaP ) «7y^] 

= 0, 

[Z, any] 

= 0. 

(3.27) 


Note here that Ja^ and can actually interpreted as the generators of a new Lorentz group. 
The twisted charges Q, transform under this new Lorentz symmetry as if they are 

a scalar, a (anti-)selfdual tensor, and a vector, as implied by their indices, and they have the 
f/(l) charges +1, +1, —1, respectively. 

We could have taken, as mentioned above, another diagonal summation based on the iden- 
tihcation i ^ a. The result is almost the same as obtained above, except that the role of 
selfduality and anti-selfduality should be exchanged. Thus we find that there is essentially one 
twist for N = 2 supersymmetry in four dimensions. 

Since we have obtain the twisted superalgebra, a twisted supersymmetric field theory can 
be constructed based on the algebra. However, we can find such a theory by directly twisting 
a theory with the ordinary N = 2 supersymmetry. As an example, consider the N = 2 super 
Yang-Mills theory. It contains a gauge vector Weyl spinors ijjia, complex scalars cj), (f), 
and auxiliary fields Gij. The twist above can be applied to this theory and leads to the twisted 
held contents 


^0/3 ^ ^a/3’ 

-^i/3 ^ ^0-13 ^ \.a(3i 

4 >, 

p, 

Gij > Gaf3: 


(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

(3.33) 


where r] = Xap = '>P{ap)^ etc. The action and supertransformations can also be twisted 

based on these (re-)dehnitions of helds and supercharges. 


3.4 Twisted N = A Supersymmetries 

We now review the survey of possible twists of = 4 supersymmetry in Euclidean four¬ 
dimensional spacetime. 


Breaking of the Internal Symmetries According to the general procedure for twisting 
explained above, we have to hrst take a representation of a subgroup of the ii-symmetry which 
can be identihed as a representation of (a subgroup of) the Lorentz symmetry. In Euclidean four¬ 
dimensional spacetime, the Lorentz symmetry should be given by SO{A) = SU{2)i^ x SU{2)^ 
as before. For an = 4 supersymmetric theory, the full i?-symmetry should be SU{A). Since 
SU (4) has no subgroup which can factorize directly as in SU(A) = G x G', we have to break the 
SU (4) into some suitable subgroup which is then factorized by SU (2) or SU (2) x SU (2) = SO{A) 
corresponding to the factorization of the Lorentz symmetry. 

Actually, such nontrivial decomposition of S'17(4) is determined uniquely once we choose 
an SU{2) subgroup to be factorized, since remaining factors must be the (maximal) subgroup 
which makes this chosen SU{2) factor to be an invariant subgroup. We have essentially two 
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possibilities: 


' SUiA) SU{2) X SU{2), 

, su(4) ^ su(2) © 5u(2) = {^/T72 ^ (V2X^ - X^) } ( 3 , 34 ) 

© { 072 {Xll + XfJ , yrys (72X2 + X3) } , 

' 5f/(4) ^ SU{2) X 5f/(2) X 17(1), 

, su(4) ^ su(2) © 6u(2) © u(l) = {Xi2, X^} © {xf,, ^ {^X^ - X^) } ( 3 . 35 ) 

© 1 7173 (72x2 ©x^) I, 

where the SU{N) generators X, with X = 4, are defined by (IA.67I) and (IA. 68 I) . These decom¬ 
positions are further restricted by specifying representations of each 517(2) factor. In order to 
carry out twisting, the former should be assigned as 


517(2)l X 517(2)i, or equivalently, 517(2)r x SU{2)i 
which corresponds to 

[ 4 ^ ( 2 , 1 ) ©( 2 , 1 ), 


or equivalently. 


4 ^(1,2) ©(1,2), 
i —> ad. 


I i —> aa, 
while the latter should be assigned as 

517(2)l X 517(2)i x 17, or equivalently, 517(2)r x 517(2)i x 17, 


(3.36) 

(3.37) 

(3.38) 


or 


which corresponds to 


517(2)l X 517(2)r x U, 


(3.39) 


4 ^ ( 2 , 1 ) ©( 1 , 1 ) ©( 1 , 1 ), 

i —> (a, a) = a © a. 


or equivalently. 


4^ (1,2)©(1 ,!)©(!,1), 

i —> (d, a) = d © a. 


(3.40) 


or 


4 ^ ( 2 , 1 )©( 1 , 2 ), 

i —> (a, d) = a © d. 


(3.41) 


These three (out of five) decompositions of representations provide inequivalent possible twisting 
of X = 4 supersymmetry iniES]. Let us now examine how supercharges are represented after 
each of these twisting processes. 


Vafa-Witten Twist This is the twist for the decomposition [HI El 


517(4) ^ 5t/(2)L X 517(2)i, 


4 ^ ( 2 , 1 ) ©( 2 , 1 ), 

i aa. 


(3.42) 


Diagonal summation is taken w.r.t. this SU (2)l and the one in the Lorentz group. The resultant 
twisted theory thus has the symmetry group 517(2)i x 517(2)l/ x 517(2)r. Supercharges are 
twisted as 



Qat QaaPi 


(3.43) 
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while the on-shell = 4 super Yang-Mills multiplet is twisted as 


^aP 

^a/3’ 

(3.44) 

^iP ~ 

^aa,P Va-i XaaPi 

(3.45) 


- r^p, 

(3.46) 

Pij ~ 

Paa,bp ^ T^ab) G^Pi 

(3.47) 


where ab and denote symmetric labeling w.r.t. a b and a /3, respectively. Note here 
that 4>ij -|- (j)ji = 0 so that (paafip must be antisymmetric w.r.t. a ^ b {a ^ (5) and at the same 
time be symmetric w.r.t. a fi {a b, respectively). 


Half Twist This corresponds to m 

SU{A) 517(2)l X SU{2)i x 17(1), 


4 ^ ( 2 , 1 ) ©( 1 , 1 ) ©( 1 , 1 ), 

i ^ {a, a) = a (B a. 


(3.48) 


Diagonal summation is taken for this SU{2)i^, so the resultant symmetry group is SU{2)i x 
17(1) X SU{2)i^i X 5'17(2)r. Twisted supercharges are then 


Qip^Qa®c.,B^Q[a \ 


Q\^Q 


a©o 


7 


af) 

^aP ’ ^aP ’ 


(3.49) 


where we have denoted the U (1) charges^^ in the superscripts. The Y = 4 on-shell SYM 
multiplet is twisted as 


^ap 


^iP 

^ ^a(BoiP 

T* ■ 

_^ ■^a©o . 

Pij 

^ 0 a®a, 6 ( 


+ „(-1) 

'^nB ’ '1 ’ X-aP 


'aP 

A+^) A(-l)a 
^aP ’ ^P ’ 


Amphicheiral Twist The last one is for nnnsum 

517(4) ^ 517(2)l X 5t/(2)R x t/(l). 
The twisted supercharges are 


4 ^ ( 2 , 1 )©( 1 , 2 ), 

i ^ {a, P) = a® P- 


(3.50) 

(3.51) 

(3.52) 

(3.53) 


(3.54) 


ft7 Q\-p, Q®K 


Q‘ 


-)Oi®P . 




(3.55) 


V 7 ■ ’ -^07 ’ 

Thus we find that such theory contains two scalar supercharges with the same 17(1) charges. 
The Y = 4 SYM multiplet is now twisted as 


^aP 

aP' 



(3.56) 

Xiy — 

'^0*77 ^ 

^77 - 

„(-l) y(-l) 

' '/ 5 Aoi'-y 1 

(3.57) 

A% - 


^a7 ’ 

1 

'CCi.r- 

1 

(3.58) 

Pij ~ 



- 2 ) /-l(+ 2 ) y( 0 ) 

’ ’ a/3 ■ 

(3.59) 


^ These charges can be assigned essentially as the eigenvalues of \/2Y^ -|- Y®. 
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3.5 Dirac-Kahler Twist 

Let us now consider one more type of twist which we call the Dirac-Kahler twist (or the DK twist 
for short) [SElEZlEHlEni. As noted above, there are essentially three different types of twist of 
= 4 supersymmetry in four dimensions. Thus, the DK twist is expected to be equivalent to 
one of the three. In fact, the twist, in four dimensions, will be recognized as the amphicheiral 
twist listed at the end of the preceding section. 

In principle, the DK twist can be defined in any dimensions. Here again we consider Eu¬ 
clidean spacetime. In Euclidean spacetime with dimension D, spacetime symmetry group should 
be SO{D) = Spin{D), where Spin{D) is the double (and indeed the universal) cover of SO{D). 
As for ii-symmetry group Gj, the DK twist restricts it to be Spin{D), or, more generally, to be 
a group including Spin{D) as a subgroup. The DK twist is the process of taking the diagonal 
sum of these two Spin{D), one is the Lorentz group and the other is the /^-symmetry group, 
and then identifying the resultant Spin{D) as a new Lorentz symmetry group. 

To be specific, consider supercharges QAa and in D-dimensional Euclidean spacetime 
with i?-symmetry Gi = Spin{D). Eor simplicity, we work on the case where D is even. Then A 
and a are labels of 2^/^-component spinors. The Dirac conjugate is defined as^^ 

= J](gs/ 3 )^(r°)B"'(r°)^“. (3.60) 

B/3 

We also assume that the Spm(D)-Majorana (or 5pin(D)-Majorana-Weyl, if possible) conditions 
are imposed on the supercharges, as in 

QAa = {Qc)Aa := (3.61) 

where the charge conjugation matrices are such that 

= e'C, C^C = 1, = r?'( 7 ^)'^, = T]'{-fY, e', 7 ' = ±1. (3.62) 


The DK twist now reads 

Gi —> Spin{D), < A a, 

^ Qa^) ^ QaP- 

Using eq. (IB.9(1 . we obtain a Clebsch-Gordan decomposition as 


(3.63) 


D 


Qap = Y. := (3.64) 


p=0 


We call the DK twisted supercharges. Note that they contain particularly the scalar 

1 


charge Q := ■^^fpp^C°‘^Qa /3 for p = 0 as well as the pseudo scalar charge Q := 


2D/2'^ 

for p = D. Note also that by taking the linear combinations 


ia/3 




1 


^ ^Mi-.-Mp VAip+i-.-MD J 

1 / I \ 

_(_i)P(p-i)/2 (1 ± ry j (3.65) 


2^/2 

we can explicitly denote the chiralities of the supercharges. 


^See appendix lEl for these conventions. 
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The corresponding superalgebra should be 


(3.66) 

(3.67) 


{QAa, Qbi 3 } = 2 C'^ij( 7 ^C' )al 3 Pti + 

[Jfj,u”>QAa\ ~ '^{'1 III/)QAfBj [PijiQAa] — '^{.1ij')A Qboi 

where, just for simplicity, we have chosen 77 ' = 1 so that C^b and (y^C'"^)^^ should become both 
antisymmetric or both symmetric, and T^^ is restricted to be or iT^C~^)af 3 or both by the 
Coleman-Mandula theorem. The DK twisted algebra can be readily obtained using eq. dEHl) and 
the definition of the twisted supercharges. For example, in a simple case V^pZab = Ca^CABZ, 
we have 

2 ^ 1 

{Q/xi-. /ip) Qi/i-.-i/p-i} = 2 D /2 — ';^pJ^V^l\■■■^lp,l'\■■■upZ■| (3.68) 

[JfiV,Qpi - pp] = 2 ^ ( —P {Qpvpi---Pp + Tl\p\piQpi---u\- p 


■pp 


2 = 1 


+ i-'^y^^i'nip\piVu]pPQpi-pi-pr-pp), (3.69) 




[RpU,Qpi - pp] — i 1)^^^ f Qpupi - Pp + 'y^,V\p,\piQpl - u]---pp 


2=1 


yy ( iv[p\pi'nu]pj)Qpi---pi-pj---pp'j ■ (3.70) 


It is then crucial that by taking the diagonal summation := we have 

p 


[Jpu,Qpi -Pp] =iy{-lf^P 


(3.71) 


2 = 1 


which can be identified as the ordinary Lorentz transformations of a tensor quantity so that, in 
particular, = 0. 

Finally let us take a closer look at the DK twist of = 4 supersymmetry in Euclidean four¬ 
dimensional spacetime. The /^-symmetry has to be Spm(4) = 5'0(4). Twisted supercharges are 
defined as in Here we redefine them, changing some trivial constant factors including 

sings, as 


Q ■■= C^^QafB, Qp ■■= {C^pTf^QaP, Qpy := {C^pyT^Qap, 

Q := := Qpu ■= {C^^lpvT^Qo^n- 


Now take specific representations 


so that 


7^ : = 


0 \ 

0 y ’ 


CT' 


p — 


= (1^7-* 


= ( 1 , —ir®) 


C := 



^5 ._ 



Then in terms of the Weyl basis 




V'q 


QafB 


QafB QJ \ 

J ’ 


(3.72) 

(3.73) 

(3.74) 

(3.75) 

(3.76) 
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we find that 


Q = Q = (3.77) 

Qi, =-{<y^l)o,pQ°'^ + {^i,T^Qaf}-, Q^l = {(y^l)apQ°'^+ (3.78) 

Q^Jiy = {cTi^uT^Qafi + Qf^u = {(yfiuT^QaP - (3-79) 

Thus it is clear that they are essentially the same as supercharges in the amphicheiral twist 

above, for 

Qwp] = ^(Q + Q)c^^l = ^(Q - Q)c^^, (3.80) 

Qa0 = \iQ, + = -\{Q, - ( 3 . 81 ) 

QiaP) = \iQf.u + Q^.){a^naf3, = \{Q>.u - Qm-)(^^")“^ (3-82) 


and the 17(1) charges in the amphicheiral twist can be identified as products of the chiralities 
w.r.t. to the two spinor indices, one originates from those for the /^-symmetry and the other 
from those for the Lorentz symmetry. We therefore understand that the Dirac-Kahler twist for 
= 4 supersymmetry in four dimensions is equivalent to the amphicheiral twist, though the 
former is applicable in any dimensions. 

4 Superspace Formulation of N = D = 4: SYM with a Central 
Charge 

In this section, a superspace formulation using superconnections and supercurvatures is applied 
to = 4 super Yang-Mills theory with a central charge in four dimensions. There is no 
known superspace formulation for A^ = 4 supersymmetric theories with manifest supersymmetry. 
Thus in particular the A^ = 4 model, whose off-shell formulation is known HU IE], is carefully 
surveyed to see how difficulties occur in the extension to its manifest supersymmetric superspace 
formulation. 

4.1 A Historical Review 

Super Yang-Mills theory (SYM) is defined to be a supersymmetric gauge theory which con¬ 
tains a vector gauge boson with spin 1 and has no field contents with higher spins. From the 
theoretical point of view, an off-shell formulation of such theories is quite important. Among 
others, superspace formulations, especially that using superconnections and supercurvatures on 
the superspace, should serve the most natural and powerful scheme to construct the off-shell 
super Yang-Mills theories. 

Formulations of super Yang-Mills theories in four dimensions were developed long ago with 
A = 1 [SOI EH ESI, for A = 2 [ni Ea EH] and for (on-shell) A = 4 [HI] supersymmetries. 
Counterparts in two dimensions were also found as well [HSlEn]. Later, systematic construction 
of supersymmetric gauge theories on superspace with superconnections and supercurvatures was 
proposed for both Abelian and non-Abelian gauge groups with A = 1 supersymmetries in four 
dimensions IHZIEH]. Then it was generalized to superspace formulation for four-dimensional A = 
2 super Yang-Mills theory m and also applied to many works, including, for example, the A = 
2 twisted superspace formulation with twisted superconnections and supercurvatures of some 
topological field theories in four and two dimensions (201 EH] However further generalization 
of such formulations simply to A = 4 super Yang-Mills theory based on the internal SU{4:) 
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symmetry^^ has failed unless it breaks to the N = 2 super Yang-Mills or merely results in an 
on-shell = 4 formnlation m- In fact, no superspace formulation for the SU{4:) SYM which 
contains fields with spins only less than 1 has been constrncted. Even an off-shell formulation for 
the SU{4:) model which includes the usual on-shell field contents, namely, 1 vector, 4 Major ana 
spinors and 6 real scalars uni, as well as complete lists of an auxiliary fields, has not been 
constrncted. However, an = 4 supersymmetric gauge theory which contains higher spin 
fields as well as higher derivatives in an action has been formulated on twisted superspace in 
four dimensions I2H1. This is the only known example of A^ = 4 superspace formulation with 
manifest supersymmetry. 

One of the essential difficulties to construct A^ = 4 super Yang-Mills theory on superspace 
comes from the structure of the field contents of the mnltiplets in A^ = 4 supersymmetry. As we 
have seen in section EM massless representations, including vector multiplet for snper Yang- 
Mills theory, of A^-extended superalgebra has maximum helicity (spin) ^ N/2. Thus, an A^ = 4 
supersymmetric theory may contain the maximum helicity ^ 4/2 = 2. Especially the simple 
generalization of m to the SU (4) SYM on superspace is based on the off-shell Clifford vacuum 
with helicity 0 , so that it must contain fields with helicity > 1 (up to 2 ) which are not allowed 
in the SYM mnltiplet. Then one may consider if one can consistently prohibit for such higher 
spin fields to emerge by imposing some suitable constraints. However no such procedure has 
succeeded m as noted above. This is one of the main reason one cannot complete superspace 
formulation of SYM with the usual field contents. 

In |1 1 [ II 2j , it was shown that A^ = 4 super Yang-Mills with another kind of A^ = 4 SYM 
multiplet which includes a central charge in the super algebra based on the internal USp{4) 
symmetry can be formulated off-shell both for Abelian and non-Abelian gauge groups^'^. The 
basic idea is to introduce a central charge into the N = A super Yang-Mills theory in order to 
rednce the possible maximum spin of the filed contents so that the theory contains spins less than 
1. We have seen the mechanism how central charges reduce the on-shell spins (helicities). Such 
a mechanism to reduce the spins successfully works in their formnlations. However, they did not 
constrnct the corresponding superspace formulation in completely closed in four dimensions. 

There also proposed in HU uni off-shell, though not on snperspace, N = 2 super Yang- 
Mills theory with a central charge. Corresponding and applied superspace formulations were 
later developed with a A^ = 1 vector superfield HU and, by ganging the central charge m 
HE], with N = 2 superconnections and snpercurvatures m and with the harmonic superspace 
formalism to be contrasted with the N = 2 super Yang-Mills theory with ungaged central 

charge uni¬ 
on the other hand, the N = A super Yang-Mills theory {USp{A) model) has not been 
constructed explicitly on superspace, though briefly mentioned in m- In the following, we 
will thus attempt to formulate the USp{A) SYM with a central charge. Since it is formulated 
off-shell, it seems possible to develop the corresponding superspace formulation. 

4.2 The USp{A) Superalgebra 

Let us now go on to the analysis of the USp{A) model. First recall that, as noted in section [U 
in order to introduce a central charge, we have to break the full internal symmetry SU{A) into 
some automorphic subgroup. As such subgroup, we can adopt USp{A), and just one real, or 
Hermitian, central charge can be implemented into the superalgebra. 

The USp{A) superalgebra is given as eqs. H2.I|) - (I2.8|) with its i?-symmetry group replaced by 

call this theory the 517(4) model. 

^'*We call this theory the l/5p(4) model. 
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USp{A), namely^^, 

[Q ia.’i Qjp\ — CafS^ijZ, 

{QiajQjp} = 

[Qia, P^l] = 0 , 

\Jfii':Qioi\ — ^Qil3, 

[Jfiui Pp] — iiVi'pPp ~ ’IppPy)'! 

[R^Q^a] = {X%^Qja., 

[R‘^,Pp]=0, 

[Z, any] = 0, 

where supercharges Qia and ( 5 * 0 , related as 

Q'o : 


{Qiai Qjp} 

II 

P 

pJ 

(4.1) 

[Pp,Pu] 

= 0, 

(4.2) 

[Qiaj Pp,] 

= 0, 

(4.3) 

[Jpu,Qii 

= l{^puf0Q^^ 

(4.4) 

[Jpu^ Jpcr] 

— ^ (jlizpJfia Vizo-Jfip 

(4.5) 


^ppJua “1“ 


[R^,Qia] 

= 

(4.6) 

[R", Jpu] 

= 0, 

(4.7) 



(4.8) 

^ {Qia)\ 


(4.9) 


transform as Weyl spinors w.r.t. Lorentz transformations and as fundamental representations 
4 and 4, respectively, w.r.t. the internal USp{A). These two internal symmetry representations 
are, however, equivalent and related so that indices are raised or lowered freely by the USp{4) 
invariant metric and Qij as in 

= Q^ = Q^nji, n,j + nji = o, n^%k = s/. ( 4 . 10 ) 

Thus we do not need to distinguish strictly the contravariant and covariant indices for USp{4:). 
We have denoted the USp{4) generators by S usp(4) and its representations by which 
satisfy that 

:= (4.11) 

Through this section, we work on the theory in four-dimensional Minkowski spacetime, with 
rj^y = (-I-, —, —, —). Note in passing that the central charge is in fact Hermitian 

Z^ = Z (4.12) 

as it has to be so since the Hermitian conjugate of one of the equation in 63) converts to the 
other. 


4.3 The USp{4) SYM 

The USp{4) super Yang-Mills theory is given as jllL I12j 
5 = tr y d^x {-\FpyF^'' - 

- ^A* ? \-X\XAij] + (4.13) 

where the field contents of the multiplet are arranged as 

: vector, 4—1 (gauge d.o.f.) = 3 components, 

Aj : f/5'p(4)-Majorana spinors, 4 x 4 = 16 components, 

^®For notations on USp{4) and usp(4), see appendix lA.41 
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scalars, 6 (antisymm. w.r.t. i,j) —1 (17-traceless) = 5 components, 
pseudo vector, 4—1 (gauge d.o.f.) = 3 components, 
auxiliary scalars, 5 components as in the scalar. 


(t>ij 

y, 

so that the d.o.f. of bosons and fermions are the same and are 16. The f/5'p(4)-Majorana 


condition^® is given as 

Xia=VHC-^)pa^ji, (4.14) 

where C~^ is the charge conjugation matrix. 

Supertransformations of these component fields are given as 

6A^ = iC(7/^)Ai, (4.15) 

S4>ij = —i ~ Cj^i + ’ (4-16) 

SAi = (4.17) 

6Hij = i(Ca"7^D^Xj 

- 2(Ca^[X\(j)ji] -Cj7^[X^Aii] + ^XlijC^^^lX^cj)^])+ C^7^[XkAij] (4.18) 

SVf. = iCVj^^uD’^Xi + 2C7'7/.[A^ <Pij], (4.19) 

and transformations generated by the central charge are 

= ujVfj,, (4.20) 

— ^Hij, (4.21) 

6Ai = -u:{7^i^D^Xi - 2i7^[X^,(t>i,]), (4.22) 

SzHij = + i{\nij{Xk, A"'}) - 4>^\4>ij\ ) , (4.23) 

= (u (d,F\ - i{A,7^A} + , (4.24) 


where we have omitted the spinor indices. These supertransformations close off-shell, up to field 
dependent gauge transformations. The action is invariant under these supertransforma¬ 

tions as long as the additional constraint 

0 = D^^V^ + y'^AJ - (4.25) 

is satisfies. 

4.4 The USp{A) superspace 

The USp{A) superspace is represented by the coordinates (x^, 0*“, 0*“, z) which are the conjugate 
to the generators {Pfj.,Qia,Qia, Z). In other words, the superspace parameterizes, as local 
coordinate system, the manifold composed of the USp[A) superalgebra. In this viewpoint, these 
generators of the superalgebra are represented as the adjoint representation on the manifold 
itself, and are expressed by the superspace coordinates as in 

P^. = id^,, (4.26) 

^®See appendix lEl for the Majorana spinor representations. 
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which satisfy that 


Qia = QQia ~ ~ 2^iadz, (4.27) 

O 

Qia = -=-- - iOi^{(^^)pad^ - ^iadz, (4.28) 

Z = id^, (4.29) 

{Qia^Qjfi} — Coipi^ijZ, {Qia^Qjp} — (4.30) 

{Qia,Qj^} = [P^,P,] = 0, (4.31) 

[Qia,P^^=^. [gid,^M] = 0> (4-32) 

[Z, any] = 0. (4.33) 


Supercovariant derivatives, which all (anti-)commute with generators above are then given, 
on the superspace, as 


= d^, (4.34) 

(4.35) 

O 

A« = + iGi^{<^^)0ad^ -h l:0iad^, (4.36) 

Ou'^^ ^ 

D, = d,, (4.37) 

which satisfy the following algebra: 

{Dia,Djp} = iCa0^ijDz, {Dia,Dj0} = iC^i^QijDz, (4.38) 

{D,o.,D.^} = [D^, D,] = 0, (4.39) 

[Aa,I)/.] = 0, [A«,4 ?m] = 0> (4-40) 

p2,any] = 0, (4.41) 

{Qia, any D} = 0, {Qia, any D} = 0, (4.42) 

[P^, any D] = 0, [Z, any D] = 0, (4.43) 

with the last four equations assuring the super covariance of these derivatives. 


4.5 Supersymmetric Gauge Theories on the USp{4:) Superspace 

Let us now formulate a supersymmetric gauge theory on the USp{A) superspace constructed in 
the preceding section. We follow the formulation using superconnections and supercurvatures 
defined on the superspace. This is technically the natural generalization of the formulation of 
ordinary gauge theory, i.e. Yang-Mills theory, using gauge connections and curvatures on the 
ordinary spacetime. We emphasize that this formulation has a great advantage among others 
since there the structure of the superalgebra can be manifestly implemented. 

4.5.1 Superconnections 

Supercovariant derivatives Dj = {Df^, Dia, Dia, Dz) are further gauge covariantized by adding 
the superconnections T/ to define the gauge-super covariant derivatives 

V/:=L>/-ir/, (4.44) 
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(4.45) 


with gauge transformations 

Vj = e^Ve-^, or 6kVi = [Vi,KI = z[V/, K], 

where K is an anti-Hermitian gauge parameter superfield. 

Here we note that by some suitable gauge transformations the lowest components w.r.t. 6, 6 
of the fermionic superconnections Via and Tja can be algebraically gauged away. On the other 
hand, the whole components of one of the five bosonic superconnections and F^ can also be 
gauged away as in the usual gauge theory. In fact, take the anti-Hermitian gauge parameter 
super field K as, say, 

K = k(x,z) -i[K{x,z),Tia\) + 0''° (zF^^ - i[K{x, z)i^]) + K'(x,z,e,0), (4.46) 

where K', which is also anti-Hermitian, contains no linear and zeroth order terms w.r.t. 6 or 6 
and the lowest parameter pure-imaginary field k is determined as such that 

dzK{x, z) = z[F^(a;, 9 = 0,9 = 0, z), k{x, z)] + zF^(x, 9 = 0,9 = 0, z). (4.47) 

Since this condition on k is a first order differential equation, it has certainly a solution. Then 
it is easy to see 

= ^ia + = 0, FF I = Fjq -|- (5Fja| = 0, F(,| = F^ -|- JF^I = 0, (4.48) 

where for any function on the superspace, 

B\:= B{x,e = 0,9 = 0,z). (4.49) 

We call such special gauge the Wess-Zumino gauge; namely in the Wess-Zumino gauge, we have 

Tial = Fia|F^| = 0. (4.50) 

In the following computations, we usually take this gauge. 

4.5.2 Supercurvatures 

Supercurvatures Fjj are then defined as in 

[Vr, Vj]± =-zF/j, (4.51) 

where the left hand side means anticommutators if both V/ and Vj are fermionic and denoted 
by the subscription -|- while, otherwise, it means commutators and labeled by the subscription 
—. Gauge transformations on supercurvatures are read off from those on gauge-supercovariant 
derivatives as 

SkFij = z[<5i^V7, Vj]± + z[V/, 5kV.j]± = *[[V/, F], Vj]± + z[V/, [Vj, F]]± (4.52) 

= i[[Vi,Vj]±,K] = [Fij,K]. (4.53) 

Thus supercurvatures are gauge covariant. They should therefore be the ingredients for con¬ 
structing the super Yang-Mills theory. Also supercurvatures are supercovariant, i.e. they are 
superfields which transform correctly under a supertransformation. This fact can also be shown 
easily from the super covariance of the superconnections. 

Note for example 

{Vi«,V^.^}± = ^-i{Dia,T .p} -i{D .^,Tia} - {Tia,T + (4.54) 

The first term in the right hand side of this equation contains a gauge-supercovariant derivative 
itself. In literature, such terms are sometimes called supertorsions and distinguished from su¬ 
percurvatures. It is of course merely the difference of terminology, and here, we call, including 
such terms, the right hand side of eq. (1^311) sup er curvatures. 


25 


4.5.3 Constraints on Supercurvatures 

In an ordinary Yang-Mills theory, once a gauge covariant curvature are defined, one can construct 
the Lagrangian (action) as £ ~ In supersymmetric theories, however, superfields 

have large degrees of freedom so highly reducible, containing possibly many extra component 
fields. Thus to formulate the correct theory one would like to construct, one has to impose 
some appropriate constraints on superfields and restricts them covariantly to the symmetry of 
the system. In our case we need some suitable gauge and super covariant constraints on the 
supercurvatures we defined above. 

To obtain appropriate constraints, let us start by writing the supercurvatures constructed 
from two fermionic derivatives as 


{VjQ., z (4.55) 

{VjQ, V^.^} = (4.56) 


where^^ 


^ijaP ^ji(3a 


since the left hand side of eq. is symmetric under the exchange (i, a) 

can be decomposed into symmetric and antisymmetric parts as in 


(4.57) 
{j,P). Then it 


Fija/3 — ^ijaP + 

where 


(4.58) 


= 0, (4.59) 

(4.60) 

The antisymmetric part is trivially written as 

= Wt, + W^, = 0. (4.61) 

Then further we can decompose the antisymmetric factor into the parts which is proportional 
to the invariant metric rijj and which does not contain fljj as in 

= Wij + nijW, where = 0 (O-traceless). (4.62) 

Similarly, the symmetric part can be represented as 

^ (4.63) 

a 

where {X'^)ij G usp(4), (4.64) 


since (<T^i.)a /3 = and Xij = Xji for (Xij) G usp(4). 

have rescale the gauge-supercovariant derivatives as 

Va —> \/2 Vq:, Vq —> •\/2Va, Vz —> 2Vz 

just for a conventional reason. 
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Spins and Constraints We now concentrate on the spins contained in the supercurvatures. 
Spins (helicities) are of course eigenvalues of the Lorentz generators Here we notice 

[St, S}] = [5± Sf] = 0, St := ^ T J\^ = (4.65) 

where are the selfdual and anti-selfdual parts. We thus recognize St as the spin gener¬ 

ators. The third component of spins (helicities) are then 



J;= {S+f + {S-f = J^‘^. 

(4.66) 

Then 

using 



[JkLU^Qia\ — QiP^ Qia] — Q ip ^ 

(4.67) 

we can easily compute spins of the superfields Fij^p and as in 




(4.68) 

and 


(4.69) 


[J, = +Wtii, [j, W,^-22] = -^i^-22, 

(4.70) 


[J,Wtl2] = [J,Wt2l]=0- 

(4.71) 


Thus we find that and W® have spin 1. As will be clear later, the multiplet in our 

formulation is determined by successively multiplying Vq, Vq, as “creation operators” on su¬ 
percurvatures as the basic superfields. In other words, component fields are created as the form 

(4.72) 

where T is a nonzero supercurvature in our system. Since F-j^^ and IT® have spins 1 themselves, 
the created fields from such superfields can obviously contain spins higher than 1, which are not 
allowed in the ([/Sp(4)) super Yang-Mills multiplet. We therefore drop such superfields: 

= "" = »■ ('*■ 73 ) 

Hence we consider the constraints 

iai'^ jp} — z i^ijCapW iCapWij, (4.74) 

{VjQ,, V^-^} = (4.75) 

where QijCapW at the right hand side of the first equation can be absorbed into QijCap^z hy 
a trivial redefinition of the superconnection T^. 

Reality Condition Finally let us consider the reality of Wij (and, strictly, IT, in order to 
be absorbed in T^ as noted above). Since USp{A) is real in the sense of representations, we can 
impose the condition, consistently to the internal symmetry, 

{WijY = = W. (4.76) 

where 

IT*^' := (4.77) 
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Since we are looking for the irreducible (or minimal) multiplet, we must impose all we can 
impose without breaking any nontrivial structure of the constraints. More practically, the scalar 
fields contained in the USp{4) model are real, so that we do not need extra complex d.o.f. of the 
superfields Wij (and W). We therefore adopt these reality constraints. We emphasize here that 
in the earlier attempt to construct the SU (4) model in |l()j , the nontrivial complex structure 
of SU{4:) prevented from imposing any such reality constraint without forcing the superalgebra 


close only on-shell. 

Thus our constraints in the final form are 

{VjQ,, = iClijCais^z ~ iCafsWij, (4.78) 

{VjQ,, V^-^} = (4.79) 

[Via, V^] = -iFiaf,, [Via, V^] = +iFia^,, (4.80) 

[ViQ.,V2] = —iGia, [ViUjVx] = FiGia, (4-81) 

[V^,V^] = -igf, [V^,Vi.] = -iFf,ty, (4.82) 

where 

= 0, (Wij)* = (4.83) 


4.6 Solving the Constraints 

Let us then move on to solving the constraints derived above. 

Specifically, we will solve them in the following way. First, applying the constraints into the 
Bianchi identities 


[V^, [Vb, Vc}} ± [Vb, [Vc, Va}} ± [Vc, [Va, Vb}} = 0, (4.84) 

we obtain various relations among the supercurvatures and their derivatives. Then we will 
find each higher derivatives of the supercurvatures, particularly of the superfield Wij, can be 
expressed only by some combinations of all the other supercurvatures, including themselves, 
and their lower derivatives. In other words, we can compute each higher derivatives of the 
supercurvatures self-consistently using the other supercurvatures in our system. Once each 
derivatives of supercurvatures are computed self-consistently, componentwise expansions of the 
supercurvatures can be fulfilled, so that the supercurvatures are determined completely in a 
self-consistent manner. In this sense we say we solve the constraints. We will then identify the 
set of component fields, which are necessary and sufficient to compute all the supercurvatures 
componentwisely, as the independent fields in our system. 

4.6.1 Bianchi Identities 

We now go through with the process described above. Since the computations are lengthy and 
cumbersome, here we only list the results in the following^®. 


Three Fermionic Derivatives First we list the results of applying Bianchi identities for 
three fermionic derivatives, say (V^, V^, V-,,). 


[V,«, = hiGi 

[VjojIFjfc] — -|- i^lj^Gio,, 

Fiaii = [^i^Gy^Gi^, 

^®See appendix 13 for the detail of those computations. 


yija,Wh] = f>iGi^, (4.85) 

G,^ = -\{CayiF,p^, (4.86) 

[Via, Wjk] = 2iQ.i^jGk^^a + i^jkGia, (4.87) 

Fia = (Gaya^Gig. (4.88) 
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Four Fermionic Derivatives 

{V,„, G^0] = - \Ca0[^z, Wij] - \Co,p[Wik, (4.89) 

{V^a,G.^} = -^-n^^ia^apF^u - lc.^Nz, Wij] + \c^^[Wik, (4.90) 

{^ia^Gjfj} = -^{a>^)0a(i^ijgtM - (4.91) 

{Via, ^jp} — ~2^^^)ap{{^v9ii + ■ (4.92) 

Five Fermionic Derivatives 

[V^a,g,.] = -(^T^")/[V",Gi^] + {a^Gfa[GF,Wij], (4.93) 

[V^a,gi.] = -i^rn^aiV'^Ap] + {Ca^)AG^p,W,{, (4.94) 

[V,,G^a] = -{^^G)a^[V^,Gia\ + [& a,W^{, (4.95) 

[V,,Gia] = -{GaAaiVf,, Gif^] - [Wa, Wij], (4.96) 

[VjQ,, [Vz, Wj-fc]] = —i{cr^G)a°‘(^^jk{V ii,Gia] + 2Qiy[V ij_,Gk]a]j 

+ i(QjkPa, Wu] + 2Qiypa, F"fc]d) 

-i[Gia,Wjk], (4.97) 

[Vi6, [v„ Wjk]] = -i(.GaAa[^,k[V^, Gip] + 20,[,[V^, Gk]p]) 

-i(njk[G^a, Wu] + 20,y[GF , Wk]i]) 

+ i[Gia,Wjk]- (4.98) 


Six Fermionic Derivatives 

[V,,[V„Wjk]] = [V^,[Vf^,Wjk]] 

+ i{njk{Gia,G^^}-4{Gja,Gk'^}) 

- iinjk{Gia,GA - ^Gja,GA) 

+ \[Wuii,[Wk]m,wA{ (4.99) 

[V,,g^] = [V^F^,] - 2(a““){G,„,G*J + [V^,1F,,]], (4.100) 

[V^5m] = -{G*a,G*“} - {Gia,GA + [V,,W,j]]. (4.101) 

Note each first fermionic derivative of all the superfields in the theory has been consistently 
computed in terms of only these superfields. In this sense, these computations close in the set 
of superfields at our disposal. Especially no additional (super)field can be excited by applying 
fermionic derivatives in any way. In other words, we can compute any higher derivatives of these 
superfields. Such computations including further fermionic derivatives are necessary to obtain 
an invariant action. 

4.6.2 Definition of Component Fields 

According to the computations above, we find the independent component helds, or essentially 
the independent superfields, which should correspond to the following degrees of freedom: 

^ij: = W^j\, (4.102) 
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Xia : = 2iGia\ = -^[^ja,W^i]\ = —2[Via,V2]|, 

(4.103) 

Xioi ■ = —2iGia\ = — — [VjQ,, VF-^j] 1 = —2[ViQ,V2]|, 

(4.104) 

: = -i[V„Wij]\ 

(4.105) 


(4.106) 

= 4{V[a.[vy,vr‘„])| = 

(4.107) 

^ = Wfl 1 = “ ) Vz] 1 

(4.108) 


(4.109) 


(4.110) 

Afj, : = zV^I, 

F^u : = z[V^, V,y]| 

(4.111) 



= ^ ((a^.)“^{Vi„, [V,^, WF]} + (a^,)“^{V,^, [V WF]}) ) , (4.112) 


where | denotes to take the lowest components. Note these field contents are exactly the same 
as in the f/5p(4) model in ^Uj. In particular, the highest spin is 1, successfully prohibiting the 
higher spins. 


4.6.3 Supertransformations 

Let us now derive the supertransformations on these component fields. Actually we find that 
these are the same as in eq. up to some trivial constant factors and the difference 

of the spinor representations, as they should be. Similarly the central charge transformations 
are also rederived. 

First we recall how those transformations are computed in our formulation. Let B he a. 
general superfield and b := B\ its lowest component field. Supertransformation of the component 
field b is defined to be 


5b = 6{B\) := {SB) 


[e'"Q^a+^Q^a,B] 


[rDi^+rDi^,B] , 


(4.113) 


where supercharges are represented as differential operators on the superspace. The last equality 
holds since the computation is for the lowest terms; the difference of Qia, Qia and Dia, Dia 
contains only linear terms w.r.t. 9, 6, so that it vanishes when taking the lowest contributions 
(unless the superfield B contains fermionic derivatives, which is the case in our computations 
below.). In the following computations, we always take the Wess-Zumino gauge, where the 
fermionic superconnections (and the central charge superconnection as well) have no lowest 
terms. Then we find 


6b = r[Dic.,B]± + r[Dia,B]± 


rNia,B]±+r[Vi^,B]± 


(4.114) 


Thus supertransformations oib = B\ can be readily computed from the fermionic first derivatives 
of superfields [S/ia,B] and [Via,B]. In our case, each independent component field is defined 
as a lowest component of the superfield in the system whose fermionic first derivatives have 
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been computed completely by Bianchi identities as shown in the preceding section. We can 
therefore derive any supertransformations of each component field in our formulation. Similarly, 
the central charge transformations of the field b = B\ are computed as 


6,b = 6,{B\) :={d,B) 


[iujD^,B] 


= iuj[Vz,B] 


We then list below the explicit results. 


(due to the WZ gauge). 


= 5Wij 

5H,, = -i {e^[Vkp. [v„ Wi,]] + f [V„ W,,]]) 

- * A,]^] + A,^]) 

- i ^C[i^[A^/3, 4>j]i] + 2^d?^^[A*/3) 4>ki]^ 

- i 4>j]i] + 2^d^^^[A^/3’ 

+ 2^^^[Afc/3> '^d]j 

SV^. = ir[Via,g^]+ir[V^a,9^] 

= + \ea{a,ufp[v\%^] 

SA^ = i (f “[Vi„, V^] + V^]) 

= -^r(cTM)adA,“ + a(d^)““A,„. 

Similarly, the central charge transformations are give as follows: 
^z4^ij — [ ^2) bb)j ] 


(4.115) 


(4.116) 


(4.117) 


(4.118) 


(4.119) 


(4.120) 


(4.121) 


(4.122) 
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(4.123) 


^z^ia — 2w[V2,GjQ,] 

= iuj ((o-^)aa[V/,, Ai“] + , 

^z^ia — Z)Gia\ 

= -iu: ((Ca^)^“[V^, Ai„] + [P(i, </.i,]) , (4.124) 

^zHij = w[V 2 , [Vz, Wij]] 

= u; ^[V^JV^ IfcJ./.,],, 

- i Qll,,{Afc.„ A"^^} - {Ai.,, A,-^}) 

+ i - {Ai-y, Ain)^ (4.125) 

= u - l(a)““{A,^, [V^, </.*,]]) , (4.126) 

Sz\ = -^[V^, V^] 

= -ujV^. (4.127) 


4.6.4 Off-Shell Closure 


Finally we show that the supertransformations derived above close off-shell. Since the super¬ 
transformations are essentially intrinsic to our superspace formulation and derived automatically, 
the off-shell closure of those super transformations shows, in a sense, the superspace has been 
completely and successfully constructed for the USp{A) model. 

Let B be one of the superfields in our case and b := B\ be the lowest component as before. 
Recall first the off-shell closure is generally represented as 

(5i52 - S25i)b = -i ((6)ia(6)'“ + (?l).a(!2)*“) [dz,b] 

- i - (6)*“(<T^)ad(6)*“) [dt.,b]. (4.128) 

Instead of showing this by using the explicit formulae (j4.116l) - (l4.121|l . we presents here more 
general procedure in the WZ gauge: 


<56 = r“[Via,R]± + r[V*^,R]± , 

5,62b = -(a)^'^(6)“[V,-^, [V,„,R]±]^ - (6)^'^(6)'“[V^-;3, N^a,B]±]^ 
- N^a,B]±]^ - [y^a,BU]^ 


(WZ gauge), 


so that 


(iii2 - s2Si}b = -i({e,)i“(<r'‘)«d({2)‘“ - (&)i“(ff'‘)dd(ei)“)[v^,Bi 

- i({6)id({2)” + («i)m(&)“) [V 2 . B| - i{{SiUbr - («i)i(&)'“) [Wtj,B\ 


Thus, for the component fields b = (pij, Xia, Xia, Hij, Vfj,, we find 
{ 6 l 62 -d 2 dl)b = ” (6)*“(^'^)au(6)'“) [7?^, 
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- i(«l).,.(?2)” + (fl)i4{f2)’”) [8., i-1 + i 


((6)i(6r-tti)i(f2r)8«.6, 

(4.129) 

where is the ordinary gauge covariant derivative showing that the in eq. (14.1281) is correctly 
gauge covariantized. The last term is the gauge transformation of the adjoint field b with the 
gauge parameter being ((Ci)L(? 2 )-^“ — Therefore the algebra closes up to a gauge 

transformation. This term appears due to the fact we have taken the WZ gauge. On the other 
hand, for b = we should take B = ^ then we find 


(5i52 — b2bi)A^ = 


i{{iiV{cTnui2r - {i2V{<yno.a{iir)F.,, 


(4.130) 


so that the last term is again a gauge transformation of the gauge field w.r.t. the gauge 
parameter ((Ci)a(? 2 )'^“ — (Ci)Ji(? 2 )-^“)'^ij- Thus for any component field in this model the super¬ 
algebra closes off-shell up to a gauge transformation. 

One may suspect that the above algebraic proof of the off-shell closure does not suffice to 
show the explicit supertransformations (I4.11til) - (I4.121I) certainly close. However, those trans¬ 
formation laws have been computed purely algebraically using only the constraints and the 
Bianchi identities, and the computation in the proof above has also been done in exactly the 
same manner. Thus the closeness is certainly and manifestly assured. 


5 Conclusion and Discussion 

We have seen how a superspace formulation using superconnections and supercurvatures would 
be set up for the USp{4) super Yang-Mills theory in four dimensions. We introduced a central 
charge to prohibit unpleasant fields with spins higher than one appearing in the super Yang-Mills 
multiplet. In order to consider = 4 supersymmetry with a central charge, we had to break the 
/^-symmetry SU{A) into some automorphic subgroup. We chose USp{A) as such automorphic 
subgroup. We then obtained almost uniquely the appropriate constraints for supercurvatures by 
noticing the trivial algebraic symmetries, dropping the unnecessary supercurvatures which con¬ 
tain spins higher than one, and imposing the reality conditions on the supercurvatures to make 
the multiplet irreducible. These constraints have been consistently solved with the restrictions 
by the Bianchi identities. Then we have found that the theory we set up has one vector, four 
Weyl spinors, five real scalars, five auxiliary scalars and one extra vector-like field, which thus 
contains the same number of bosons and fermions, namely, 3-|-5-|-5-|-3=16 bosons and 4 • 2 • 2=16 
fermions, as the off-shell degrees of freedom. Supertransformations as well as transformations 
associated with the central charge can be computed using the Bianchi identities, and has been 
automatically shown to be off-shell in section ^ Thus concerning to supertransformations, we 
have succeeded to develop a superspace formulation for the USp{A) super Yang-Mills theory in 
four dimensions. 

There are, however, some problems remained. First, we have to notice the vector-like field 

noted above. By definition, this field has (mass) dimension two, the same as that of the 
auxiliary fields. This means that in four dimensions the field can not have a kinetic term as 
an elementary field, or, in other words, terms only like /2 can be allowed. One may then 
consider that this field should merely be an auxiliary or nondynamical held. We expect it is 
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not m, in fact, the field is further constrained by eq. mnn . i.e. 

which is the same as eq. in m- If we restrict the gauge group to be Abelian, this equation 

leads to 

[V^ff^]=0. (5.1) 

Then as a solution we can take 

5;. = [V",(*A)^,], = 0. (5.2) 

(Here the Hodge star is taken to make an gauge invariant quantity.) Thus the constraint (14.1 01 B 
assures, in a way, that the field = ig^\ is not elementary and does contain contain dynamical 
degrees as in = [V*^, (*A)^i,][V^, (*A)^p}] in the Abelian case. Similarly even in the 

non-Abelian cases, the field should be interpreted as non-elementary and dynamical degrees 
of freedom due to the constraint eq. (14.1011) . Here again we emphasize that eq. (14.10111 is 
implemented in our formulation and derived automatically from the Bianchi identities. 

Another crucial issue is whether we can construct the manifestly invariant action of the 
f/5p(4) model within the framework of our superspace formulation. Since we have the component 
formulation (ICTl . we should in principle construct the action on the superspace. In fact, as is 
mentioned in it can be shown, by explicitly evaluating the components, that the action can 
be constructed in the form, roughly in our notation, like 

S^ii j d^x ({V,[V,GG]} + {V, [V,^})|. 

However, because of the fact that = 4 supersymmetry contains total of 16 supercharges, 
it may not possible to construct a manifestly supersymmetric action on superspace in four¬ 
dimensional spacetime. Moreover we work on the theory with a central charge, which makes 
its superspace formulation to develop much harder than usual. Nevertheless, we expect such 
superspace formulation could be established since the off-shell component formulation as its 
counterpart has been presented in a simple form. We have to reveal these points in the work in 
progress. 
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A Notation and Formulae 


A.l Notation 


We denote the symmetric group of degree by &p. The signature for cj G 6p is defined as 
usual, i.e. 


sgn(o-) 


4-1, (fj : even permutation) 
— 1, (fj : odd permutation) 


(A.l) 


is the group consists of all bijective maps on the set Np := {1, • • • ,p}. 
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We use the following notation for symmetrization and antisymmetrization of any kind of indices 
as 

crGSp (TGSp 

The set of all re by n matrices whose matrix components belong to the field K is denoted by 
M(n,K). The nx n unit matrix on K is denoted as £ M{n,K) or simply as 1 £ M{n,K). 
We denote the Pauli matrices by r* £ M(2,C) (i = 1,2,3). We have as usual 

3 

rV^' = W1 + i ^ = -(r*)*, (A.3) 

k=l 

where is the totally antisymmetric symbol with = 1. 

Through this article, we adopt the Einstein’s convention, unless otherwise noted, to contract 
two identical indices with one from upper and the other from lower. 


A.2 Weyl-Spinor Representations in Four Dimensions 
A.2.1 Vector Basis in M(2,C) — Minkowski Basis 

Let 

aW=(l,r*), reW=(l,-r*), (A.4) 

and 


q:=r2, CT ;= =-r2, qW= (q)* =-r^, := {C^)* ^ {{CCfy^ ^ 

(A.5) 

Note that the last four matrices are all antisymmetric so that satisfy 

C^ = -{C0-\ CT* = -(Cr)-'. (A.6) 

Two matrices and satisfy the relations 

= 277^^ = 277^^ (A.7) 

where is the Minkowski metric in four dimensions, and are related by a 

transformation 

= or = (A.8) 

Notice also that 

(^M)t = (A.9) 

We prescribe that, according to the reason which will be understood later, these matrices 
are labeled by row and column indices as 

(A.10) 

and 

=: := c.^, (C^T^ := (A.ll) 

Then the above equations (IA.6I) . (IA.7I1 . and (IA.8I) can be expressed by 

= 6j- 


respectively. 
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(A.12) 

(A.13) 

(A.14) 


Orthonormality and Completeness Using equations (US) and ()A.8ll . we obtain the or¬ 
thonormality of the matrices a^, 


tro-^d^ = (A.15) 

Then we can easily show that four matrices cr^ £ M{2, C) are linearly independent, and because 
of the fact that dimM(2,C) = 4, they form a basis of the complex vector space M(2,C). 
Similarly, four matrices £ M(2,C) form another basis of M(2,C). Completeness of these 


basis can be expressed as 

= (A.16) 

So called the Firtz transformations can be derived from the last identity; for instance, 

(A.17) 

Some Formulae From eq. (IXtI) we obtain 

+ a'^aPa^^ = 2{rjPPa'^ + rj^^Pa^ - (A.18) 

aPaPa'^ + a'^aP&P = + r^-^PaP - (A.19) 

Total antisymmetricity w.r.t. fi, v, p, a in 

tr{aPaPa’^a^ — a’^d'PaPa^), ii {aP aP — a'^aPaPa^) (A.20) 

leads to the equations 

aPaPa^ - G^aP(jP = 2ieP^P^a^, (A.21) 

aPaPa^ - a'^aPaP = -2ieP^P^a„. (A.22) 


A.2.2 (Anti-) Symmetric Basis in M(2,C) — Minkowski Basis 

Let 

aP'^ ■= \{(tPg'^ - a'^aP), aP’^ := 

Clearly, these matrices have standard index structure 

and are traceless 


tr aP" = = 0, tr aP'^ = = 0. 

Thus if we dehne matrices 

{<Tnap ■■= {cjPna'^C^p, [aP^r^ := 

they are all symmetric w.r.t. a, f5 or d, (5. This fact can also be recognized by 

1 


aP'^Ci = - {gPC^*{g'^)'^ + {GpC^*{G'^ff'^ , etc. 


Note also that 




G 


fj.u 


(A.23) 

(A.24) 

(A.25) 

(A.26) 

(A.27) 

(A.28) 

(A.29) 
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(Anti-) Self-duality Since and are traceless, each of them represents 4 — 1 = 3 d.o.f. 
in M(2, C), which corresponds to that , etc., are symmetric and have 2-3/2 = 3 

d.o.f. These facts then imply that and are (anti-) self-dual “tensors”. This is the case 
as we can show using the formulae above that 

;= (A.30) 

Orthonormality and Completeness Using eqs. (jA.181) . (IA.21|1 . and (IA.15I) we find that 

tra'^V^'" =trd^^d^'" =-4p-^'^^^, (A.31) 


where 


_ ieP^P-^), p-P^P-^ — ^{r]PP7f^ - tjP^tj’^p 

+ ieP'^P^). (A.32) 

Two symbols p"*" and p can be interpreted as the projection operators in four dimensions into 
the self-dual and anti-self-dual tensors, respectively, in the vector representation, in fact. 

ip±p-p-p^^,-^ = 0, 

(A.33) 

^±p(Tp,u _ ^±p,upa^ pii/Atpo- _ ^±pi'<7p _ _^±p,upa ^ 

(A.34) 

Then we find that the sets of four matrices 


{Cap, {a^lap), (C.^, 

(A.35) 

or their variant with some indices raised, are separately taken to be bases in 
that 

M(2,C). Note here 

trCjC^ = —2, tr = 0, etc. 

(A.36) 

Completeness of these bases is expressed by identities as 


= 2S^-‘S0\ 

(A.37) 


(A.38) 


With the use of these identities, we can show, for instance, the following Firtz transformations 


CapC'^s Cot'yCps 2^*^^ ')cef3{'^iiu')'yS Ca-yCfjs etc. (A.39) 

A.2.3 Weyl Spinors in Four-Dimensional Minkowski Space 

Weyl spinors are elements of representation spaces of SL{2, C) corresponding to the two funda¬ 
mental representations (2,1) and (1,2). We choose to label a spinor which transforms under 
(2,1) as tpa, and a the other as ip a- Their contragradient representations are thus represented 
by and We assume these spinors are Grassmann odd. Matrices Cj and Cj*, or their 
contragradient C\ C^*, can be taken as the 5T(2, C) invariant metrics. We choose (cr^) as 
a basis of the representation space for (2,1) ® (1,2), and (d^) as its contragradient. This is 
why we have labeled as Cq,^, and {o'P')^p, (d^)"^. Transformations are then 

represented as follows 

i’a = ex.p{+^ujp^aP’')a^ipp, V’d = (A.40) 
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(A.41) 

Thus indices can be raised or lowered by C’s by the same rule as before, namely, 

V;“ = V'a = (A.42) 

Notice here that 

V’oX“ = -V’“Xa = +XaV’"- (A.43) 

We also find that 

exp(-^a;^i,d^'')^A = (exp(+^u;/,,,cr^'')„^)^ i.e. ^pa = '0“ = (V’")^ (A.44) 

i.e., indices a are dotted to a under Hermitian conjugation and vice versa, which is consistent 
to that we have labeled {C*)^ 0 , 

Through this article, Hermitian conjugation, as well as transposition, always changes an 
order of, even of Grassmann, quantities. Thus for example. 


= {Xfs)\cn{p^j = 

We define a fermionic derivative by 

5(9“’ j 15(9“ / 

so that, by taking the Hermitian conjugation of this equation, we find that^*^ 


5 


5 5 


5(0“)t de^' 


We also find that 


C»pA_ = _A_ etc 
50/3 dOa ’ 


(A.45) 

(A.46) 

(A.47) 

(A.48) 


A.2.4 Euclidean Basis and Weyl Spinors in Four-Dimensional Euclidean Space 

Let 

:= (1, fr*), := (1, -fr*). (A.49) 

Then we have 

a^a'' + a'' (A.50) 

where rf‘'' = (+, +, +, +) is the four-dimensional Euclidean metric. Most of the definitions and 
formulas in the preceding sections also hold here by replacing the Minkowski metric by the 
Euclidean metric, and also by . There are, however, some exceptions; note 

(A.51) 

so that 

= -(a/^^). (A.52) 

These equations and eqs. (lA.dOl) and (IA.41I) implies that indices a, a are raised or lowered under 
Hermitian conjugations, namely, 

= V’", {i’aY = V'", etc. (A.53) 

^°Note in passing that, since = 5^'', we have = —d^. 
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A.3 SU{N) 

A.3.1 Special Unitary Group SU{N) 

The special unitary group SU{N) is the group composed of all unitary transformations on 
a vector space without the trivial phase transformation group U{1). For convenience, it is 
represented by matrices w.r.t. an orthonormalized basis, namely 

SUiN) = {{Mi) e GL{N,C)\{MiiMi = V, detM = 1}. (A.54) 

A.3.2 Special Unitary Algebra su{N) 

The special unitary algebra 5 u{N) is composed of elements X G gl(A, C) which satisfies that 
exp (it A) G SU{N), namely, 

5u(A) = {{Xi) G 0l(A,C)|(At)i^' = xi, iiX = 0}. (A.55) 

Note here that su(A) should be a real vector space. As a consequence we find that dim SU{N) = 
dim5u(A) = — 1. 

Letting 

(A,y) := tr(Aty), X, Y e M{n,C), (A.56) 

we introduce a positive-definite Hermitian form on M{N,C). Then, by taking a suitable linear 
combination, we can obtain an orthonormalized basis (A“) in 5 ii{N) such as 

(A.57) 

In addition, if we define X^ := l/\/2N G M{N, C), matrices A“ (a = 0, • • • , A^ — 1) satisfy 
this relation, so that they can be interpreted as an orthonormalized basis in M(A, C). The 


corresponding completeness relation is readily computed from this relation as 

N^-l 

Y, = -S/6ki (A.58) 

a=0 

N^-l 

Y {Xni{X'^)i = ^{NS/6i - 6i6i). (A.59) 

a=l 

Let (A“) be an orthonormalized basis in M(A, C), and let 

Note Since 

(A“, {A^ = ({A^ A^}, A“) = (A“, {A^ A'^}), (A.61) 

(A“,[A^A"])* = ([A^A"],A“) = -(A“,[A^A'^]), (A.62) 

they are identified as 

(A“, {A^ A"}) = := -i(A“, [A^ A'^]) = := ^F^^i (A.63) 


where is totally symmetric while is totally antisymmetric and in particular = 
= 0, so that 

Ar2-1 

{A“, aH = + 


Y d^^^Xi (A.64) 

C=1 
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(A.65) 


N‘‘-l 




C=1 


We now construct a specific orthonormalized basis in su(A^) explicitly. Since = X (X G 
5u(X)), we find 

(Xr)^ = Xr, (Xi)'^ + Xi = 0, where Xr ;= 3f?X, Xj ;= 9X. (A.66) 

Thus as a basis, we can take the following: 

(X”^)fc, (m = l, ••• , X-1), (A.67) 

{Xli)M-.= \{S\5h + 5h5\), {Xi^)ki-.= \i{S\5h-5h5\), (1 ^ z < j ^ X), (A.68) 

where we have used fixed indices which do not obey the general transformation laws. Note 
especially the Cartan subalgebra is generated by {X'"}, so that weights are given as 


= 0 , • • • , 0 , - 


m — 1 


m 

1 


1 


■\/2{m — l)m’ y/2m{m + 1) ’ ’ ^J2{N — 1)N 


G 


tAf-l 


= I 0, • • • , 0, - 


which satisfy that 


X-1 


bAZ-I 


V'2(X-1)X 


(m = 1, ••• , X-1), (A.69) 


(A.70) 




X - 1 


1 ^ 


2X ’ ' ' 2X 

Correspondingly, simple roots are given as 

a* := X — (z = 1, • • • , X — 1), 


2=1 


with ||a*|| =1, = 


thus the Dynkin diagram for su(X) is as follows: 


0, (j 7 ^ z, z ± 1) 

-1. (i = i±l) 


.^0 


a 


..N-l 


A.3.3 Fundamental Representations 


(A.71) 

(A.72) 

(A.73) 

(A.74) 


The fundamental representations {p,V) of SU{N) are given by the X-dimensional defining 
representation eq. (I A. 541) and, more generally, its antisymmetric tensor products {p 0 ■■■ ® 
p,A{V (8) • • • (8) V)). This can be seen by the fact that the weight 


2=1 


(A.75) 
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becomes fundamental. Their differential representations {dp © ■ ■ ■ © dp, AiV © • • • © F)) become 
the fundamental representations of su(A^). We denote these representations by [j] := 

Since 



we hnd that 


II 

le. Y..' 

II 

1 

(A.76) 

i=l 

i=l 

i=j+l 


\T] = [N-j], 

especially 

N = [A^- 1]. 

(A.77) 


Adjoint representations (Ad,su(A^)) of SU(N) and, as its differential representations, (ad,su(A')) 
of su(A^), are N'^ — 1-dimensional and given from the fundamental representations as in 


N^N = l©(Ar2 - 1). 


(A.78) 


A.4 USp{2n) 

A.4.1 Symplectic Form 

Let A be a complex vector space with dimension diniF = 2n, and a; be a antisymmetric 
nondegenerate bilinear form^^ on V. 

The existence of a nondegenerate bilinear form allows us to define a linear isomorphism 
G : V ^ V* such that 

'^v €V, V := G{v) s.t. G V, v{w) = uj{v,w). (A.79) 

Similarly the inverse G~^ can be used to define an induced bilinear form © on V* such that 

^:=G-\(j)) s.t. i;{^) = Cj{i;,^). (A.80) 

These operations are represented by components w.r.t. a basis (e*) in V and its dual (cj) in V* 
as before; letting 

■.= uj{e\A), Uij \= u}{ei,ej), Vi := ei{v), (/>*:= v€V,(j)€V*, (A.81) 

we hnd that 

= V, h* = = (jy’uji. (A.82) 

A.4.2 Unitary Symplectic Group USp{2n) 

A transformation / G End(U) such that 

u}{f{v),f{w))=uj{v,w), for^u, wGV, (A.83) 

is called a symplectic transformation. The nondegeneracy of the symplectic form cu implies that 
/ G Aut(U). Then the set of all symplectic transformations on V forms a group, called the 
symplectic group on V. If V is complex and hnite dimensional, as is the case in our assumption, 
one can impose that a symplectic transformation is simultaneously unitary w.r.t. a Hermitian 

bilinear form u) : V x V K is said to be antisymmetric if it satisfies that 

'^v, w & V, ui{v, w) + u}{w,v) = 0, 

2 

i.e. LJ £ ^V*. An antisymmetric nondegenerate bilinear form uj exists only if the vector space V is even 

dimensional, since an antisymmetric matrix (tj(e\e^)) € M{dimV, K), where (e*) is a basis in V, cannot be 
nondegenerate (has at least one zero eigenvalue) when V is odd dimensional. 
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form on V. The collection of all both unitary and symplectic transformations on V also forms a 
group, which is called the unitary symplectic group, or the complex symplectic group, or simply, 
the symplectic group on the complex vector space V, and denoted as USpiV) or simply, Sp{V). 

Let / G USpiy) and (e*) be a basis in V. The condition (IA.83() is represented w.r.t. the 
basis as in 

, equivalently, (A.84) 

where /(e*) = e^My Notice here that such transformation satisfies (detM)^ = 1. Since V is 
even dimensional, we find that detM = 1. Then assume the basis (e*) is orthonormalized w.r.t. 
a Hermitian form 

g{e\e^) = y. (A.85) 

By a suitable orthogonal, but not symplectic in general, transformation of this basis, we can 
obtain a basis (e'*) such that 

a;(e'*,e'^) = L!*^:= ( Y)' 

We call this matrix representation of u the standard form. The corresponding contragradient lo 
is represented 

cu(e'*,e'^) = a, Y)’ 

i.e. by the same matrix. Note that an orthogonal transformation is a unitary transformation, 
which in particular preserve the Hermitian form, so that (e'*) is also orthonormalized. An 
orthonormalized basis which represents uj as the standard form is said to be standard. 

The unitary symplectic group is usually represented w.r.t. a standard basis as in 

USp{2n) = {{My E = 5^. (A.88) 

If M E USp{2n), it automatically satisfies detM = 1 as noted above. 

In passing, we list some formulae in an irreducible matrix representation 

= 0, cui = ((a;T)^)-\ {uj^ = =-cuj\ (A.89) 

where 0 / c E M and a;| = {uJij) and In particular, the last equation is derived by 

comparing 

= {u;y, and M{u;i)-^ = {u;i)-\ (A.90) 

and noting the uniqueness of such Wj up to a constant as shown by the Schur’s lemma for the 
irreducible representation. For the standard form, we find 

{ny = = -OT. (A.91) 

A. 4.3 Unitary Symplectic Algebra usp(2n) 

The unitary symplectic algebra usp(2n) is the Lie algebra of the Lie group USp{2n), namely, iff 
X E usp(2n) then exp(itA) E USp{2n), so that 

usp(2n) = {{Xy E 0l(2n,C)| = 0, {X^y = Xy. (A.92) 

Here again the condition trA = 0 (A E usp(2n)) is automatically assured. If we write an 
element A E usp(2n) in the form 

T, T', S, 5'E0[(n,C), 


T S 

S' r 


X = 


42 


(A.93) 




we find that 

rt = r, = s, r = -T^, s' = si (A. 94 ) 

Thus as a basis in usp(2n), we can take the following 

^°=(o - 1 )’ -(n*)’ (a = l, ••• , n^-l), (A.95) 

(a = 1, ••• , in(n + l)), (A.96) 

and, as a consequence, we find that dim USp{2n) = dimusp(2n) = n(2n + 1). 

We consider the Cartan subalgebra to be generated by the following n elements: 


1 / Y™ n \ 

X^:=^Xl _xmy (m = l, ••• , n-1), (A.97) 

where A”^ is given by (IA.67|) . Then, using the weights (IA.69I) . (lAAOl) and := = 

(0, •••, 0, 1)g the corresponding weights are given 


±{u' + 


so that the roots are 


i'" (f / j), ± ( + \/ -z/ 


n+l 


and thus simple roots are 


z/* - z/*+b 


(z = 1, • • • , n - 1), 


a = 


2r'"'+-iZ-z/^+^j {i = n), 


which satisfy that 

1, (i = 1, • • • , n - 1), 


(A.98) 


(A.99) 


Ia*l|2 = 


2, (i = n). 

The Dynkin diagram for usp(2n) is as follows: 


(A.IOO) 


1 , 

2 ’ U = 1 + '^-, i = ■■■ , n-1, OT j), 

~ j —1, (i = n — 1, j = n, or z j), 

0, (otherwise). 


(A.lOl) 


.(A.102) 

a"- 

This Dynkin diagram looks like that of 5o(2n + 1). However, norms of these simple roots are 
not the same with each other, thus the two diagrams are actually different, except the case for 
rz = 2, so that SO(5} = l7Sp(4). 


B Clifford Algebra and Spinors 

In this appendix, we briefly examine some fundamental properties of Clifford algebra which 
plays a role in this article. Notation and convention follows the preceding appendix. 
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B.l Clifford Algebra 
B.1.1 Definition 

Let 77 be a (non-degenerate) metric with (Sylvester’s) signature (t, s) which is defined on a vector 
space M(t, s) with dimension D = t + s j47j : 

= ( + ) • ; ~ )■ (b.l) 

t S 

Clifford Algebra C(t, s) is defined to be an algebra which is generated by D elements { 7 ^, ••• , 7 ^} 
which satisfy the anticommutation relations^^ 

{7^7"} = 2r?'^^ (B.2) 

where r]^'^ is defined to be the inverse of the metric 

= S>^p- (B.3) 


B.1.2 Irredncible Representation 

In what follows, we will be only interested in a finite dimensional irreducible linear representa¬ 
tion (p, V) of the Clifford algebra C(t, s) on a finite dimensional complex vector space V. We will 
therefore identify each element 'j G C{t, s) of the Clifford algebra with its image p(j) G End(IL), 
which is a linear transformation on the vector space C, or a matrix on without distin¬ 

guishing them. Further, we will only consider the case where the dimension D is even. 

A basis of the algebra C(t, s) with even dimensions D = t + s can be defined as 




' 1 (p = 0), 

^ ^ sgn((T)7'^'^(i) • • (p > 0), 

^ a-£&p 


(B.4) 

(B.5) 


where &p denotes the symmetric group of degree p. As a consequence, it follows that dimC(t, s) = 
2 D ^ 2^/2 X 2^/2 and dimC = 2^/^. 

That the elements in eq. ()B.4ll are linearly independent can be shown by using the orthogo¬ 
nality relations 

^ (_i)P(P-i)/2 (B.6) 

where 

'npi-- Pp,ui---up '■= ! (B.7) 

a&p 

which is essentially a direct consequence of the fact 

tr7^i'"^p = 0, {1 ^ Pi < ■ ■ ■ < pp ^ D, I ^ p ^ D). (B.8) 

^■^Let T{M{t,s)) be the tensor algebra on M{t,s) and Ip be the two-sided ideal generated by the set 

{t € T{M{t, s))\t = V (gi V — rj{v, v), v £ M{t, s)}. 

Then Clifford algebra C{t,s) is defined as the quotient algebra C{t,s) = T{M{t, s))/Ip. In C{t,s) tensor product 
of 7, 7’ G C{t,s) is simply denoted as 77' instead of 7 (g) 7'. Clifford algebra is determined uniquely by the 
anticommutation relation {7,7'} = 2 'p{'y, 7') up to an isomorphism due to the universality of tensor algebra. This 
fact is said to be the universality of Clifford algebra. 
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On the other hand, the completeness of the elements in eq. (IB.41) can be proved by the fact that 
the Clifford algebra C{t, s) is generated by the elements { 7 ^, • • • , 7 ^}. Note that by using the 
orthogonality eq. (IB.61) the completeness relation can be given as the identity 

^ 1 1 

7 = ^ —{- 1 )P(P tr 7 ^^...^p 7 , for ^7 e C{t, s). (B.9) 

p=0 ™ 

For later convenience, we define a special element (note here that D = t + s is even and that 
so is f — s) 

;=iF-*)/2(_i)*y (B.IO) 

which satisfies that 


{^^7^} = 0, (r®)2 = i. 


(B.ll) 


We can also show that 




1 




(D-py/ '' 

where the totally antisymmetric tensor £P-i"'Po (defined by 

1 


-Pl -PD _ 


det^l 




^1-D ^ 


(B.12) 


(B.13) 


B.1.3 Conjugations 

We then consider the complex conjugation of the representation (p,V). Eq. (IB.21) implies that 

{-(7^)%-(7")*} = V, (B.14) 

i.e. the complex conjugate {—p*,V) of the representation could also generate a representation 
of Clifford algebra on the same space V. The universality of the Clifford algebra^^ then requires 
the existence of a unitary transformation B s.t.^^ 

= 7 ( 7 ^)*, B^B = 1, B*B = e, p = ±1, £ = ±1. (B.15) 

Similarly, since 

the contragradient representation {—p'^,V) should be mapped by a unitary transformation C 

s.t. 


= 77'(7'^)^, C^C = 1, C^ = e'C', ??'= ±1, e'= ±1. (B.17) 

We could also write 

C*B"i>^B-^C*-^ = p{C-i>^C-^y = (B.18) 

i.e. 

r°(7^)1'(r°)“i = At 7 ^, (r°)^r° = 1 , r° := k:=pp', (B.19) 

^^Clifford algebra is uniquely determined, up to an isomorphic algebra, by the fundamental anticommutation 
relations. This fact is called the universality of Clifford algebra, and is a consequence of the universality of tensor 
algebra. 

^'*Since = B~^ B = B* (yy^)* {B~^)* the uniqueness of B requires B*B = e. Also it should be unitary, 
which can be similarly seen by the uniqueness of B and by the (anti-) Hermiticity of 7'^ shown in the following. 
All these analysis can be similarly applied to the case for C below. 
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(The sign e(—1)*^* which appears in the definition of T*^ is just for the later convenience.) 
which implies that ( 7 ^^)^ = = il- This sign can not be chosen arbitrarily; for, 


r(7T = +i, ■ r (f)t(f) = +<!, 
I ( 7 ')^ = - 1 , '' I ii Vii ) = -<i, 


(B. 20 ) 


and, for any matrix M, M is positive semidefinite, so «:( = +1 and = —1, i.e., 


This leads to 


and also 


/ (f)^ = 
1 ( 7 ^)^ = 

+( 7 *), 

-(7^)- 

(B.21) 

r r 0 = 7i...y, 

1 ^ = (-l)‘+\ 

r ro = y+N.. 7 ^, 

(B.22) 

r]' = (-l)*+^7, 

f V = (-1)*^, 

(B.23) 

e' = £7/(-l)*(*-i)/2. 

1 e' = er,*(-l)*(*-i)/ 2 . 


These two choices are equivalent, so that, in what follows, we choose the former representation 
for T*^. Further, s and 7 can be related as follows. Notice that 




(B.24) 


hence are either symmetric or antisymmetric. The total number of antisymmetric 

elements is 

#(AS) = i2^/2(2^/2 _ 1 )^ (B.25) 

which can be also calculated as 

#(AS) = E ( p ) (B 26) 

where the summation is over the numbers p such that 

(^_ljPh+l)+P(p-l)/2+ih-l)/2^t+Pg _ ('_xjph+l)+p(p-l)/2j^p _ 

(B.27) 

Equating eqs. (IB.251) and (IB.261) . we obtain Letting f{p) = (— 1 )p(p i)/ 2 +ph+i) 7 P, we note 

p (mod 4) f{p) (-i)f+i^ ji'p) 

0 1 1 1 , 1 ,- 1,-1 

1 {-ly+^p -1 1 ,- 1 ,- 1,1 

2 -1 

3 -{-ly+^rj 

and, labeling the cases by ((—l)*^^r/, —(—we can compute #(AS) as follows 

(i) (+)+) 

#(AS) = E ( “ ) 1 (1 + »V2p-‘J+‘t) 

p=0 ^ ^ 2 ' 

= 12^/2 ^ 2^/2 _ ^ 
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(ii) (+,-) 


#(AS) = E ( " ) 5 (l - 

p=0 ^ ^ 

= i 2 °/=( 2 ®/ 2 -(-l)V 2 cosj{C + 3)). 


(iii) (-,+) 


D 


° )lfl + !Rv/ 2 e‘f+‘T 
p J 2 


#(AS) = ^ 

p=0 

= 12^/2 ( 2^/2 _ ^ cos -^{—D + 3)^ 


(iv) (-,-) 


#(AS) = E ( p ) i (1 - 

p =0 ^ ' 

= 12^/2 (^ 2^/2 _ (_i)^cos^(-Z) + 3)) 


Thus we find that 


#(AS) = ^2^/2 |'2^/2 _ ^cos ^ (r/(-l)*+^T) + 3)) . 

Equating this to — 1), we obtain 

e = —-v/2r7 *(—cos -vr (?/(—+ 3) = cos ^7r(s — t) — rysin -7r(s — t). 
Conjugations of T® are computed as 

r0(r5)t(r0)-i = (-l)^^^ (r^)'^ = 


Note also that 

BT^B-^ = r]\T°)*, CT^C-^ = (r^)^ = 

B.1.4 The SO{t,s) Subalgebra, Spin{t,s) 

Let 

Then it can be shown that obeys the so(t,s) commutation relations 

T,P^] = 


(B.28) 

(B.29) 

(B.30) 

(B.31) 

(B.32) 

(B.33) 

(B.34) 


and thus generates the 5 o{t, s) subalgebra in C{t, s). In fact, this subalgebra generates a group, 


Spin{t, s) := |7 G C{t, s )|7 = exp | , 


(B.35) 
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with 


1 = exp(a;)'^y7^. 


(B.36) 


To show that Spin{t,s) is actually the double cover of SO{t,s), let us consider the adjoint 
representation on the vector space 


W = ({ 7 ^ ••• , 7 ^}), 


(B.37) 


as in 


r e Spin(t, s), jGW, Ad(r)( 7 ) = r 7 r-^ (B.38) 

Let Ad(r) = 1. Then decompose T = Tq + 7 ^r', where 70 and Y do not contain T^. Note here 
that T contains terms with only even number of 7 ^’s by definition. We thus find 


so that 


jp = rjPr-\ i.e. 7 P(ro + 7 ^r') = (Tq + 7^r')7^, 


(jpfr' = jPrY = -( 7 n"r', i.s. r' = o. 


Thus T does not contain either of 7 ^, so that T G C, hence T = ± 1 . 
Since (for even D) 

^ 0 , 


(B.39) 

(B.40) 

(B.41) 


the representation of Spin{t,s) on V is reducible, although the representation of C{t,s) as a 
whole is irreducible as noted before. This reducible representation can be decomposed into the 
two irreducible representations on the two eigenspaces of T^ with eigenvalues, ± 1 , called the 
chirality of the representations. Projection operators onto these two eigenspace are given as 


= 


1 ±r® 


where 

Note that 




P±P=F=0, (P±)t = P±, P++P- = 1. 


(B.42) 


(B.43) 


[S 


2a-l,2a x^2b-l,2b] 


= 0 . 


(B.44) 


Hence 


a—1,2a 


can form a Cartan subalgebra and can be simultaneously diagonalized. Let 

1 


._ (_Apa,(t+l)/ 2 +S{o.-{t+ 2 )/2)jy2a-l,2a _ pa+pa-_ 

■ ^ ^ 2' 


(B.45) 

Then we find that takes half-integer values and can be identified as the spin operators. 


D/2 


This 


B.2 Spinors 
B.2.1 Spin{t,s) Spinors 

We have seen that the Clifford algebra C{t,s) is irreducibly represented on V = 
spinor representation also represents Spin{t,s), the double cover of SO{t,s), which is not irre¬ 
ducible, and decomposes into two irreducible representations on the eigenspaces with chirality 
±1. We call these two irreducible representations of Spin{t,s) the Weyl representations, and 
elements of the corresponding representation spaces Weyl spinors. Weyl spinors are thus given 
from a general 2^/^-component spinor ip € V as 




3± 


±./,± 


/,± 


(B.46) 
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and can be considered as 2^/^ ^-component objects. On the other hand, a 2^/^-component 
spinor tp , sometimes called a Dirac spinor, can be constructed from two Weyl spinors 


ip = {P++ P-)^} = + Ip-, (B.47) 

2 D /2 ^ 2^/2-i 0 2^/2-i, (B.48) 

We choose to label a 2^/^-component spinor as 'pa, so that 7 G C(t, s), including and T^, 
is labeled as 

7 /, ( 7 -')/, {l^rp = lp^, (7*)“/3 = ( 7 /)*, (B.49) 

and conjugation matrices = C, B are labeled as 

= {e)ap = {<t^f^r, = (e:^“)*. (b.so) 

Note that the indices are consistently set in 

(r0)„/5 = . (B.51) 

Then a spinor transforms under Spin{t, s) as 

Ipa = exp a^Pp, or 5pa = ^(^tiu{l^’')a^'Pp- (B.52) 

Upper indices are thus label the contragradient representations, as in 

'p'°‘ = exp p'^'P^, or (5^^“ = - . (B.53) 


B.2.2 Conjugations 

Conjugations discussed above are used to define some conjugates of spinors. 

First, we define the Dirac conjugate of V' G U as 

i>‘‘ ■= 'pmPPrPn"- ( b . 54 ) 

P 

Note here that 

F0(5.M^4)t(F0)-i = (B.55) 

The conjugate spinor^^ does transform contragradiently as indicated by the upper indices: 

= (V'7)^exp =^/'exp ^(B.56) 

For an upper-index spinor the Dirac conjugate can be defined as 

Pn := (F°)-i/(V>^)t, (B.57) 

so that successive Dirac conjugations reduces to the identity operation 

(F°)-i(^)t = (F°)-^FV = rA. (B.58) 

what follows we will omit the summation symbol for the Dirac conjugation. 
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The next one is the charge conjugation. We define it for a lower-index spinor, 

r ■■= (B.59) 

and for an upper-index spinor, 

V’a := ■ (B.60) 

Again we have defined these conjugations so that ijj = ip. Since 

(B.61) 

these conjugates transform correctly as indicated by indices; for instance, 

i^'a = (C“^)a/3 exp = exp (B.62) 

Conventionally, the term charge conjugation may only be used for the operation to define 

(V’c)« := = ipa^ with pJcc = S'lp- (B.63) 

Here we also define the charge conjugate with upper index 

(V'c)" := C^^ipp = Ip , with V'cc = £ip- (B.64) 

The last one is called the B-conjugation, defined with the matrix B as^® 

i^Ptu := {B-Xpirf, irr ■■= ( b . 65 ) 

{r)a ■.= irr, (B.ee) 

with pJiji, = eip. Notice that the B-conjugation is actually the same operation as the charge 
conjugation^'^, i.e., 'iph = ipc- 

B.2.3 Majorana Spinors 

Generally a 2^/^-component Dirac spinor is, though irreducible w.r.t. the whole representation 
of the Clifford algebra, reducible w.r.t. the representation of the Spin{t,s) subalgebra. Thus, 
as a representation of Spin{t,s), it is appropriate to use the Weyl representations with 
component Weyl spinors, which is irreducible w.r.t. Spin{t,s). In such cases, it is sometimes 
more convenient to treats a pair of a Weyl spinor and its partner with opposite chirality as one 
2^/2-component spinor, which is called a Majorana spinor. Note that d.o.f. of the two Weyl 
spinors, one of which is a partner to the other, is 2 x = 2^/^, while that of a general 

complex 2^/^-component spinor is 2 x 2^/^. Thus we need to impose a reality condition on a 
Majorana spinor to reduce the d.o.f. Such conditions are called the Majorana conditions. Of 
course, Majorana conditions have to be 5pin(t, s)-covariant. 

Let [ipia) (* = Ij • • • ) N) be a multiplet of N Majorana spinors with an internal symmetry 
G labeled by the indices i. We adopt the following Majorana condition on such multiplets: 

iPi^ = Miji'iP.y^, (B.67) 

^®Remark here we have used somewhat misleading labeling for = {' 4 ’a)* does not necessarily 

transform as an upper-index spinor. 

'This is due to the fact that there are essentially two kinds of conjugations in a complex vector space, one is 
the ordinary contragradient, and the other is the complex conjugation. 
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where 


m. = = (C-I)„;3((r0)-1 ^)^(r irr ■■= (V-ia), (B.es) 

and Mij is a G (-invariant) metric. Notice here that the charge conjugation matrix C is a 
5pin(t, s)-invariant metric, and the condition (IB.67I) is Spin{t,s) and G-covariant. Since the 
condition (IB.67I) implies that 

^ia = (B.69) 

so that 

Mik{M*)^^ = e, i.e., (B.70) 

Thus the Majorana condition (IB.671) can be possibly imposed only if there exists a metric Mij 
which satisfy the condition (IB.701) . Since such a metric does not necessarily exist for any internal 
symmetry group the Majorana condition restricts the possible internal symmetries. This fact 
is seen more specifically as follows. For simplicity, we assume a unitary representation for 
the internal symmetry metric, namely, = M~^. Then the condition (IB.701) is written as 
M = eM^. 

(i) If e = +1, the metric has to be symmetric: M = M^. If further M is supposed to be 
invariant w.r.t. the internal symmetry, we may take G to be (a subgroup of) 0{N). Majorana 
spinors which obey the Majorana condition with e = +1 and G = 0{N) are thus called 0{N)- 
Majorana spinors. 

Especially, if = 1, i.e., if we consider singlet Majorana spinors with no internal symmetry, 
M = 1 so that only the Majorana condition with e = +1 is possible. In other words, if e = —1, 
we can not consider singlet Majorana spinor. 

(ii) If e = —1, the metric has to be antisymmetric: M + M^ = 0. If further M is supposed to 
be invariant w.r.t. the internal symmetry, we may take G to be (a subgroup of)^® USp{2n) with 
N = 2n. Majorana spinors which obey the Majorana condition with e = — 1 and G = USp{2n) 
are thus called 175p(2n)-Majorana spinors. For instance, if = 2, we can consider as the 
internal symmetry USp{2) = 517(2) and 5f7(2)-Majorana condition with the invariant metric 

Cij — (t )ij- 

In some cases, Weyl spinors could independently become Majorana (including G-Majorana) 
spinors, and, if so, are called Majorana-Weyl spinors^®. The condition is that 

(V'^)c = (B.71) 

which is possible only if 

p±(-i)* ^ ^ i.e. = cj := (-l)(*■*)/^ (B.72) 

so that cr = 1, or, s — t = 0 (mod 4). 

C Solutions of the USp{A) SYM 

In this section, we follow the whole computations to solve the system of constraints (F7H1) - (I11?^ . 
i.e. 


^®As a nontrivial candidate, we can take, for example, G = Spin{4:). 

^^Thus, each Weyl component (or Weyl decomposition) of a Majorana-Weyl spinor is itself real, or self-conjugate, 
while Weyl components of a general Majorana spinor are conjugate to each other. In this sense, the Weyl 
decomposition of a Majorana-Weyl spinor should be merely denoted as in 2^^^ 2 ^/ 2 -1 ^ whereas 

that of a non-Weyl-Majorana spinor can be as in 2^^^ ^ -|- 2 ^/^“^, 
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{VjQ,, V^-^} — fj_, 

= iFia/ii 

— iGia, 

[^/j) ^ 2 ] = ~'^9fJ,-i 

Q^iWij = 0, 


[^ 16 )^ 2 ] FiGia^ 
[V^, V,,] = -iFf,^, 
{WijT = 


for the USp{F) model. Specifically, these constraints are further restricted by various Bianchi 
identities for the superconnections V/, and we treat all such relations to compute various deriva¬ 
tives of the superfields in our system. We will find that any higher derivatives of a superfield 
can be expressed by some other superfields and some lower derivatives of the superfields. Thus 
we obtain necessary and sufficient super fields and/or their derivatives to express all the other 
superfields and their derivatives, which corresponds to the independent degrees of freedom of the 
system. Since then all derivatives of all superfield are obtained, we can expand those superfields 
componentwisely. Thus we completely determine the explicit forms of the superfields, which we 
say we solve the constraints. 

Let us now carry out the program explicitly. Most of the computations are based on Bianchi 
identities. For one simply Hermitian conjugate to the other only the result will be listed. 


Three Fermionic Derivatives First we compute relations derived from various combinations 
of three fermionic derivatives. In order to show the typical manner of the computations, we list 
them in the full detail. 

(i) Computation of Gia 


G^a = i[Via, V,] = i{Via, Vfc.,}] 

o 

= - iG^o^Wh] + [Vk^,inijGa0^, 

= V,] + [V,„, J + [V,„, W^iij , 

so that 

[Vja,W^i] = BiGia- 

(h) Computation of Gia 

[Vja,WG] = BiGia, 


consistent to (|i]). 

(ii) Another computation of Gia 


iCapWij]^ 


(C.l) 

(C.2) 


Gia = i[Vi„,V,] = i[Via,-'-C^mF{v.^,Vk^}] 

= V^] = 

so that 

Gia = -\{a^C)a^F,^^. (C.3) 
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(ii') Another computation of Gia 

Gi^ = (C.4) 

consistent to ©• 

(hi) Computation of the first derivative of Wjk 

— z '^C^a'^ki] l^k'yji^ijC'aP^z ^Cfy^pWij^ 

+ Vj:] 

— '^(^ki\^ jcf)^ z] A [Vfca; A z] 

+ 2 '^ki] + [Vfca, Wij]J , 

SO that 

% 1 

[Vio) fhj'i] i^jkGia + 2 [i“’ 

(in') Computation of the first derivative of Wjk 

_ 2 , _ _ X _ 

[^20:5 '^^jkGia 2 

consistent to 

(iv) Another computation of the first derivative of Wjk 


[yia,Wjk] = [V,„,-^C^^({V.^,Vfc^} 

= '-G^'^{[V^0,inikiana^Vf,] + [Vk^,ini,{an^0V^]) 

^jk\^ia: ^z] 

= -lo,[,(a^c)/:p,j^^ + injkGic., 

so that 

hhjTc] — 2ir2jjjG/j]Q, + i^ljkGicf 

This solves m consistently. 

(iv') Another computation of the first derivative of Wjk 


[VjQ,, Vhjfc] 


consistent to (B. 

(v) Computation of 


k]a T i^jkGiai 


(C.5) 


(C.6) 


O 

= -^n^^{a^yf^{[Vjp,inik{a'')^^V,] + ^k^,m^jC^pV, - iG^fjWij]) 
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- ^Fiaf, g 

SO using eq. (I(i.4ll . we obtain 
(v') Computation of 


a(Gc7") + |KG)^«Gi^> 


Fiafj. = {a^j^CYaGi^. 

(C.7) 

Fidfi — {GcTfYa^ Gif}, 

(C.8) 


consistent to &■ 


Four Fermionic Derivatives We then show relations constructed by four fermionic deriva¬ 
tives. Those computations tend to very complicated. Since we have seen in the preceding 
paragraph the typical rules for such computations, we now list the process more simply in the 
following. 

(vi) Computation of the first derivative of Gjp 

{VjQ, Gjp} = i{ VjQ, [Vj/3, Vj:]} 

— T 2) z Ga^Wij], 

so that 

{Via, Gjp} + {Vji3, Gia} = —Capl'^z, Wij]. 

(vi') Computation of the first derivative of Gj^ 

(Via, + {V^-^, Gia} = “^a/jlVz) bFij]. 

(vii) Another computation of the first derivative of Gi /3 

{Via,G,i3} = -|{V,a,[Vfc^,WV]} 

= ^ (^{Vj 73, Gia} — 2{Vii3, Gja} + 2^}ij{Vk/3, G^aj 

- C^piVz, Wij] + Ga/3[fFV, Wife]) . 

Taking (i,j), we find that 

{V(.a,G,)i 3 } = -^[fF,fc,wV], (C.9) 

and, taking [i, j], that 

{V[ia, = -Gai3[V„ Wi,] + if2i,{Vfca, 

(vii') Another computation of the first derivative of G-^ 

{V(ia,G^)i 3 } = wV], (C.IO) 

{V[,a,G^p} = -Ga^[V„ W,,] + if 2 .,{Vfca,GV}. 

(viii) Further computation of the first derivative of Gjp 

{V,a,G,i3} = -i(cT''G)/{Via,F.^^} = J(c7'^G)/{V,a, V^]} 
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= -\Cao{'^,6.,Gn - 


We then find that using 


{Vi„,GV} = -C^0{Vi^,G^'^} - iiaf^n^pF^u = -iK")a/3i"/.., 


which, together with (Iviil) . leads to 

{V[i„, = -CapiV,, W^j] - (C.ll) 

Thus, from eqs. (1(1.911 and dniii), we obtain that 

{Via, Gjp} = -'-n,j{ana 0 F^u - iGapiV., Wij] - ^CapiWik, wG]. (C.12) 
(viifi) Further computation of the first derivative of G -0 

{V[ia, G = -G.^[V„ W,j] - (C.13) 

{V,a,G.^} = - ic.^[v„ Wi,] + ^C.^[Wik,wG]. (C.14) 

(ix) Computation of the first derivative of Gjp 
(Via) Gjp} = i{VjQ,, [Vj^, Vj:]} 

~ * ^*{Vji3, Gjq,} + ^^ji(o’^)/3o[V2, = {Vj^,GiQ,} (o'^)/3a9/i• 

(ix') Computation of the first derivative of Gj^ 

{VjajG^.^} = {V^-^,Gio,} — iQ.ij(a^) 

(x) Another computation of the first derivative of Gj^ 
i r-^ 


{Vi^,G,0} = --{V,^,[Vk0,WG]} 


Vj/3, Gia} — 2{'Vi0, Gja} + 2^ij{Vkp, G^a}j + ^(<7^)/3(i[V^, Wij], 

Taking (i,j) we find, with the use of (EZI) , that 

{V(ia,G,)/3}=0, (C.15) 

and, similarly, [i,j], 

{V[iQ,Gj]^} = —5iQ,ij{a^)0a9iJ. ~ 2flij{VfcQ,G g} + ((T^)^q,[V^, ITij]. 

Multiplying the last equation by , we have 

{^kaiG^p} = -2i{a^)0a9)i, 

which in turn leads us to 

{V[ia,Gj]^} = -inij{a^)0a9tM + {(T^)0a['^tM,Wij]. (C.16) 

Thus using eqs. mB and mB, we obtain that 


{VjajGj^}— 2 [V/i) kFij] j. 


(C.17) 
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(x') Another computation of the first derivative of 


(C.18) 

(C.19) 

(C.20) 


{V,„,G^.^} = + [V^, W,,]). 

(xi) Computation of 

(xii) Another computation of 

(xih) Another computation of 

These results ((|xil), (Ixiil) . (Ixii'l) ! are trivially obtainable from (|^ and 0 . 

Five Fermionic Derivatives We now go on to the computation of relations containing five 
fermionic derivatives. 

(xiii) Computation of [Via, 5 ^] 

\^ia,9ii\ = [V;,, V^]] = [V/„Gi„] - (d^C')"„[V^,Gi«]. 

(xiii') Computation of [Vju, 5 /i] 

= -[V^,Giu] + (Cd^)u“[V.,Gi„]. 

(xiv) Another computation [VjQ, g'^] 

where 

[Vi„,{V,v3,G^/3}] = + [V^, Wi,])] - - iCo^gW,,] 

+ Wij] - 

Thus we find that 

\Sicl^9^l\ — ~g(*^ iPi 9v\ ~ viGig\ 
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(xiv') Another computation of [ViQ,g^] 






(xv) Further computation of [Via, g'^] 

[V.a,5;.] = |(^r[Via,{V.^,GV}]. 


Since 


I 


[Via, {V G^p}] = - -Cai3[V., Wij] - -G^/3[Wik, W^j] 

+ iQi,K)„^[V„G^'i3], 

( (^'^")a/3[V,^, F,,] = i{a>^nap[V,^, [V^, V.]] \ 

= -2{G^fs{Ga'^r[V^, Gi,] + 2(a^)^^[V^,G,J) 
[VV > [V., Wij]] = 5i[V„ G.^] + i[GF^ Wij], 

[VV, [Wik, W’^j]] = -5i[GV, VFifc] - [inikG.p + 2i%[iG^]^, W’^^] 

\ =-8i[W0,Wik], ) 

= -^CaMCa^)^^[V^,G,^] -iK)^^[V^,Gia] -*K)„^[V^,%] 


we find that 


[Via, 5 m] = U ([VM-Gia] - KC)^a[V.,G^ 


i/3 


- ^ ((cTM.)a^[V",Gii3] - {a^Gfa,[GF^Wi, 


{*) 


Equating this to the result in (lxiv|l . we have 

Kd^)«^[Vii3,5.] = -2K.)a^[V",Gi/3] + KC)^a[GV,tF,,] +3(c7^C)^a[V„G.^] 


After multiply this by -((j^crp)^", rename p as 5 to give 


[V*a,5M] = 2 (('^/^-)«^[V",Gii3] - (^MC)^a[GV,tF,^. 

+ ^([VM,G.a]-(apC)^[V„G,^]). 

Equating this to (*), we find that 

[Vp,Gia] - (dpC')^a[V„G.^] = -(ap,)a^[V",G,^] + (apC)^a[G^'^,fFij]. 
Thus going back again to (*), we obtain 

[V,a,5M] = [VM,Gia] - (dpC)^a[V„ G.^] 

= -(cTM.)a^[V^G,i3] + {a^Gf^p^^,W,,], 
which is completely consistent to (Ixiiij) . This result also leads to 

[V„Gia] = -(Ga'^)“a[Vp,Gia] - \GF^Wij]. 


(C.21) 

(C.22) 
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(xv') Further computation of [ViQ,g^] 

= -I - {Ca^)a>^[V,,Gi/3]) 

- I - {Ga^)AG^f^,W,,]) , 

[Via, g^] = —[V^, Gia] + {Gafj_)a^['Vz, Gig] 

= + {Ga^)AG^g, 

[Vz,Gia] = -KC')/[V^,G.^] + [&a,Wij]. 

(xvi) Computation of [Vj^, [V 2 :; Wjk]] 

[^za? [^2; z^^jkGia ^[G^zo;; 

= -zKC')«“(^fc[V^,G*u] + 20i[,[V^,Gfc]i]) 

+ i (%fc[G'„, Wii] + Wk]i]) 

(xvii) Computation of [V^q, [V 2; Wjk]] 

[%a,[^.,Wjk]] = -f(C'n'^ru(%fc[V^,Gi„] + 2%[V^,Gfc]„]) 

- f (rijkpa, w^i] + 2ngj[GU, w^i]^ 

+ i[Gia, Wjk]- 

Six Fermionic Derivatives Finally we compute relations containing six fermionic derivatives. 

(xviii) Computation of [V^, [V^, Wjk]] 

[V.,[V„ Wjk]] = -'- [{Vi„,V'“},[V„ Wjk]] = -^{Vi„,[Vi„,[V„ Wjk]]} 

= {a^G)p(n,k[V^,G,^] + 2n,y[V^,Gk]a]) 

- (njkpa,Wii] + 2n,^p^,Wk}i]) + [G^a,Wjk]] 

I {V*“, [V^,G*^]} = 2i(CcT")“^[V^,5.] - i{afzP{G^a,G^a}, ^ 

{V*“, [V^,Gk]a]} = -liG^n^a {-i6kf[Vi.,g.] + [V^, [V,,W^k]]]) 

-i{ai.P{Gk]a,G^g}, 

{V'“, p^, Wii]} = 5i{G'„, Gn - [Wii, [Vz, W% 

{V*“, pa,Wk]i]} = 3i{Gk]a,Gn - 2f5\]{G;„,G^“} 

- [Wk]i,[Vz,W^^]] - l[Wk]i,[W^m,W^% 

\ {V“, [Gi^, W,k]} = -i^jklGia, G'“} + 4i{Gj^,Gk^}, , 

= [V;., [V^, Wjk]] + l[Wy\i, [Wk^^, W^^]] 

+ i {njkiGic., G*“} - 4{G,„, Gfc“}) - i {njk{G,a,G^'^} - 4{G,u, G^"}) 

- I {^jkiWii, [Vz, w% - 2[W^j\i, [V„ Wk{]]) . 


(*') 

(C.23) 

(C.24) 

(C.25) 
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(xviii') Another computation of [V^, [V^, Vhjfc]] 


[V., [V„Wjk]] = [{Vi^,V'“}, [V,,Wjk]] = {Via, [Via, [V„Wjk]]} 

= [V;., [V^, Wjk]] + [Wk]m, W^^]] 

+ i i^jklGia, G'“} - 4{G,„, Gfc“}) - i {njk{Gia,G^'^} - 4{G,a, Gfc“}) 

+ ^ {^jkiWu, [V„ W^^]] - 2[Wy\i, [V„ Wk^]]) . 

Comparing this result with the one in (jxviiill . we find immediately that we have to set 

^jk[Wii, [V„ W^^]] - 2[Wu\i, [V„ ICfc/]] = 0. 

Thus we obtain that 

[V„ [V„ Wjk]] = [V^, [V^, Wjk]] + ^[Wu\i, [Wk]m, w^^]] 

+ i {njk{Gia, - 4{Gja, Gk^]) - i {VL^k{G^a,Gn - 4{G,i, Gfc“}) . 

(C.26) 


(xix) Computation of [V^, 5 ^] 

[V„g^]=^-{an^^[V,,{Via,G\]] 

= \{^n""{{Via,-{C<y^)%[Vu,G^p] - P^a,WG]}+i{G^^,Gia}) 

( {Via,[Vu,&g\} = -i{aP^)ag[Vu,Fp^]-i{a,,Gfa{G^g,G^p}\ 

V{V*„, [GF^wG]] = -u{GF^G,a] + \{^naa[W^j, [Vu,Wi^]],) 

= p-^r^[V„Fp^] - 2{apf^{G^a,G^a} + [V„Wij]]. {*) 

Using the Bianchi identity w.r.t. (Vj^, Vp, Vo-), i.e., 

^p,p,^V^^[Vp,Vj = 0, 

the first term in (*) equals simply to [V*^, Fp^,]. Thus we obtain 

[V,,gp] = [V^Tp,] - 2{apf^{G,a,G^a} + [V,, Wij]]. (C.27) 

(xix') Another computation of [Vz,gp] 

[V,,gp] = p-p"''"[V,,Fp.] - 2(dp)““{G,„,G'^} + [V,,1U,,]] (*') 

= [V",Fp,] - 2 {apf'^{Gia,GF} + [V,,lTi,]]. 

(xx) Computation of [V^, 

= -J(^^)““({-(^M.)^«[V",G'^] + iGap)a^[&g,W^j],Via} 
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{[G^'^,Vr',],Vi„} = -5i{G,„,G^'^} + \c^0[[V 
{[V",G,^],V'^} = 2iKW[V",5p] + *(C'a")^'>{G%,G,^}, 

\ {[G^^ 

= -3[V^5p] - 4{G,^,G*7} - 4{G,-„G'^} + [V„ W^,-]], 

so that 

[V^5p] = -{Gi7>G*7} - {Gi^,G^^} + [V„t^,,]]. (C.28) 
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